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Abstract

The aim of this document was to explain Langer’s paper on the zeros of
exponential sums [1]. We followed the general structure of the original paper
and explained the main theorems for the cases that are relevant to our project.
These cases were illustrated with corresponding plots for arbitrary examples.

0 Introduction

First, we define an exponential sum to be a type of function in the form

Φ(z) =
n∑
j=0

Aj(z)e
cjz, (1)

where the coefficients Aj(z) and the exponents cj are constants, cj ∈ R.
This paper aims to consider the distribution of zeros of exponential sums, from

forms of less to forms of greater generality. It is relevant to our project because these
results help us “eliminate” terms in the exponential sums that can be considered
as zero, i.e., the terms that do not contribute as much to the final value of the
exponential sum. This will in turn significantly speed up the process of numerically
evaluating the integrals of exponential sums.

For the purpose of our project, we will only focus on the following cases: (1)
Constant Coefficients and Real Commensurable Exponents. (2) Constant Coeffi-
cients and General Real Exponents. (3) Coefficients Asymptotically Constant. (4)
Collinear Complex Exponents. (5) General Complex Constants. (Note that the
original theorems 5 and 6 are less relevant to our project because the polynomials
are assumed to be of the same degree in the scope of our project.)

1 Constant Coefficients and Real Commensurable Ex-
ponents.

The paper starts by discussing the simplest case: when the coefficients are con-
stants (Aj(z) ≡ aj) and the exponents are commensurable real numbers. Two real

1



Zhang Liu

numbers are commensurable if their ratio is rational, for example, 2π and 4π are
commensurable because 2π

4π = 1
2 ∈ Q.

This case is the simplest because under this case the problem of the distribution
of zeros is essentially an algebraic one: to simply arrange the terms to suppose
that the exponents occur in the order of increasing algebraic magnitude and to
assume without loss of generality that the first exponent c0 is zero (to remove any
exponential factor that does not really matter, i.e., that does not affect the number
or distribution of the zeros of the function as a whole).

In this case, the sum is of the form:

Φ(z) =
n∑
j=0

aj(e
αz)pj , p0 = 0, (3)

which is a polynomial of degree pn in the quantity eαz.
A simple example of exponential sum is given below, as we let α = π, n = 4, pj =

j, aj = 1,

Φ(z) = (ez)0 + (eπz)1 + (eπz)2 + (eπz)3 + (eπz)4.

Its distribution of zeros are plotted in Figure 1.
For form (3), the zeros of the function occurs when values of z satisfy a relation:

eαz = ξj .

A result from the above relation is:

z =
1

α
{2mπi+ log ξj}, (4)

where the 2mπi gives rise to the periodic nature of the zeros. Based on this
result, the zeros are seen to be countably finite in number and to be distributed
in the complex plane at regular intervals of length 2π/α along pn lines which are
normal to the real axis.

From the result (4), given a function Φ(z), there exists a constant K such that
the zeros of Φ(z) all lie within the rectangle strip of the z plane given by the relation

|x| < K, (z = x+ iy). (5)

By evaluating the extreme possible changes in arg Φ(z) as z traces the boundary
of the above rectangle, the paper also concludes that the number n(R) of zeros of
Φ(z) within the rectangle is subject to the bounds:

− n+
cn
2π

(y2 − y1) 6 n(R) 6 n+
cn
2π

(y2 − y1). (7)

With this, Theorem 1 is stated:

2



Zhang Liu

Figure 1: Constant coefficients, real commensurable exponents.
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Theorem 1. If in the exponential sum (1) the coefficients are constants and the ex-
ponents are real and commensurable, then the distribution of zeros is given explicitly
by the formula:

z =
1

α
{2mπi+ log ξj},

(j = 1, 2, · · · , pn), (m = 0,±1,±2, · · · ).

In this distribution the number of zeros which lie between two lines y = y1 and
y = y2, is restricted by the relations (7), i.e.,

− n+
cn
2π

(y2 − y1) 6 n(R) 6 n+
cn
2π

(y2 − y1). (7)

An extension of this are the trigonometric sums, i.e.,

Φc(z) =
n∑
j=0

aj cos jz

Φs(z) =
n∑
j=1

aj sin jz.

The hypothesis of commensurability includes the trigonometric sums. In fact, it
includes any linear combination of trigonometric functions of integral multiples of
z. For these sums, we can use Theorem 2:

Theorem 2. If the coefficients aj are real and the zeros of the polynomial

P (ξ) =
n∑
j=0

ajξ
j

all lie within the unit circle about ξ = 0, then the zeros of the corresponding trigono-
metric sums are all real and simple, where the trigonometric sums are:

Φc(z) =
n∑
j=0

aj cos jz

Φs(z) =
n∑
j=1

aj sin jz.

Each of these sums has precisely 2n zeros on the interval 0 6 z < 2π and the
zeros of either sum alternate with those of the other. (By a theorem of Kakya the
hypothesis is fulfilled if 0 6 a0 < a1 < · · · < an.)
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2 Constant Coefficients and General Real Exponents.

The second and a more general case is that when the exponents are not guaranteed
to be commensurable and as as result the problem of the distribution of zeros is no
longer simply an algebraic one (unlike the first case). The only difference is that the
distance between distinct zeros of Φ(z) has no positive lower bound in the general
case of incommensurable exponent; whereas when the exponents are commensurable
a minimum distance between zeros does exist.

Under this case of “Constant Coefficients and General Real Exponents,” the sum
Φ(z) is expressed by the formula:

Φ(z) =
n∑
j=0

aje
cjz, c0 = 0. (10)

The result (as stated in Theorem 3 below) is the same as in the first case. What
applies to the first case can also be established for the more general case.

It is also illustrated in Figure 2 that the distribution of zeros for general real
exponents follow the same pattern as the case of real commensurable exponents. In
Figure 2, we plot, as a convenient example, the distribution of zeros of an exponential
sum with general real exponents that are not commensurable to each other: Φ(z) =

eπz + ez + e1.5z + e
√
2z + elog(7)z.

Theorem 3. If in the exponential sum (10) the coefficients are constants and the
exponents are real, then the zeros of the sum all lie within a strip (5), i.e.,

|x| < K(z = x+ iy), (5)

and in any portion of this strip the number of zeros is limited by relation (7), i.e.,

− n+
cn
2π

(y2 − y1) 6 n(R) 6 n+
cn
2π

(y2 − y1). (7)

When z is uniformly bounded from the zeros of Φ(z), then |Φ(z)| is uniformly
bounded from zero.

3 Coefficients Asymptotically Constant.

If the second case is a more general replacement of the hypothesis of commensura-
bility, then in this section, the hypothesis of constant coefficients is replaced without
essential loss by a less stringent one: that the coefficients are sufficiently like con-
stants when |z| is large.

The main reason that we can replace this hypothesis is that we are mostly
interested in the region |z| > M where M is a constant arbitrarily large. And we
know that there must exist an arbitrarily large number M such that in the region
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Figure 2: Constant coefficients and general real exponents.

|z| > M the coefficients are constant. In other words, the coefficients do not have
to be exactly constant in value, as long as |z| is sufficiently large (i.e., as long as z
gets sufficiently far away from the origin), we can take it as that the coefficients are
asymptotically constant.

To fit this case in a form corresponding to sum (1), the paper introduced the
epsilon function, ε(z). In a region R of the z plane including the point z =∞, ε(z)
is analytic in every finite portion of R and it approaches zero uniformly in R as
|z| → ∞.

Now either that the coefficients Aj(z) in the sum (1) are single valued and of the
form Aj(z) = aj + ε(z), in the region |z| > M , or that they are multiple valued but
such that in the region |z| > M , −π < arg z 6 π, their various branches are each of
the form Aj(z) = aj + ε(z).

Therefore, under this case of “Coefficients Asymptotically Constant,” the form
assumed for the sum (1) is:

Φ(z) =

n∑
j=0

{aj + ε(z)}ecjz, a0an 6= 0. (14)

This way, we essentially transform this more general case into the previous case
of constant coefficients and real exponents. The distribution and number of zeros
hence follow what is already established in Theorem 3. With that, we state Theorem
4 as follows.

Theorem 4. If the function Φ(z) (or a determination of it) is of the form (14),
then in the region |z| > M the distribution of zeros of Φ(z) (or of the branch of
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Φ(z) in question) may be described as in Theorem 3. The zeros are asymptotically
represented by those of the related sum (15), i.e.,

Φ1(z) =

n∑
j=0

aje
cjz. (15)

4 Collinear Complex Exponents.

The previous cases of sum (1) concern primarily with the structure of the coefficient
functions Aj(z). The exponents have been assumed to be real. But the distribution
of zeros of the sum having complex exponents is also determinable.

One simple example of such exponential sum is:

Φ(z) = e(2−9i)z + e(1−6i)z + e(−3+6i)z.

(Note: It is easy to show that 2− 9i, 1− 6i,−3 + 6i are collinear, by either the
distance method or the equation method.)

We then plot the distribution of zeros for exponential sum with collinear complex
exponents, as shown in Figure 3.

Figure 3: Collinear complex exponents.

Theorem 5. If the exponents cj in the exponential sum (1) are collinear complex
constants, the distribution of zeros of Φ(z) is obtainable from the theorem previously
enunciated by substituting in the role of the axis of reals the line containing the points
c̄j conjugate to the exponents cj.
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5 General Complex Constants.

The most general case discussed in the paper is when the exponents may be any set
of complex constants. We will illustrate this most general case by using the following
exponential sum as an example:

3e(8+2i)z + (−9 + 12i)e(4+7i)z + (2 + 1i)e(−7+4i)z − 5e(−6−6i)z

+ (6− 7i)e(1−8i)z + (8− 5i)e(6−4i)z + (3− 9i)e(4+4i)z + 2e(−2−4i)z.

We then plot the distribution of zeros of this exponential sum in Figure 4.

Figure 4: General complex constants.

A geometric method is used in the paper. Let it be supposed that the values c̄j
(conjugate to the exponents) have been plotted in the complex plane (Figure 5).

Construct the polygon P which (i), is convex, (ii), has vertices only at points of
the set, and (iii), includes all points of the set either in its interior or on its perimeter.
Given these three conditions, we obtain the polygon as shown in Figure 6.

(This step is simply number the vertices in the polygon using the index r and h,
in order to describe the distribution of zeros in the following theorem.) Let the sides
of the polygon P be numbered counterclockwise as r = 1, 2, ..., q, and let the points
of the set c̄j which lie on the side lr be numbered as c̄rh, whereh = 1, 2, ..., hr.

In this particular case, for all z in the section wr−1 + ε 6 arg z < wr + ε, the
sum Φ(z) may be expressed as a sum with a reduced number of terms, i.e.,

Φ1(z) =

hr∑
h=1

Arh(z)ecrhz. (29)
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Figure 5: Polygon joined by all the points.

Figure 6: Convex polygon.
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This way, we transform this most general case to the previous case of collinear
complex exponents. It then follows from Theorem 5 that the zeros of Φ(z) within
the sector are asymptotically confined to one or more strips which are parallel or
approach parallelism with the normal to the associated side of the polygon, as more
formally stated in Theorem 6 below.

To visualize this result, we overlay the polygon in Figure 6 with the distribution
of zeros (see Figure 7). It is clear that the lines where the zeros are distributed are
normal to the sides of polygon, respectively.

Figure 7: Overlaid plot.

Theorem 6. If in the sum (1) the exponents are any complex constants, the zeros
of Φ(z) are confined for |z| > M to a finite number of strips each of asymptotically
constant width. These strips are associated in groups with the exterior normals to the
sides of the polygon described in the text, and approach parallelism with the respective
normals. Within each group of strips the distribution of zeros may be described as
in the previously stated theorems, the role of the axis of reals being transferred to the
respective side of the polygon.
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