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The basic reproduction number R0 is defined as the expected number of
secondary cases produced by a single infection in a completely susceptible pop-
ulation.

A common approach to derive this quantity for compartment models with
multiple infected species is through the use of the next generation matrix method.
The method was proposed by Diekmann et al. [1] and further elaborated by
van den Driessche and Watmough [2]. Here we give an outline of the method
for our model, but the proofs and further details can be found in [2] and [3].

First, the whole population is divided into n compartments in which there
are m < n infected compartments which contribute to new infections. In our
case, n = 14 and m = 6, with the infected compartments constituted by the ex-
posed individuals (E), carriers who develop symptoms later (CI), carriers who
recover asymptomatically (CR), undetected symptomatic people (IX), identi-
fied symptomatic patients requiring hospitalization eventually (IH) and iden-
tified infected individuals who recover without any hospitalization (IR). Let
xi, i = 1, 2, 3, . . . ,m be the numbers of infected individuals in the i-th infected
compartment at time t. In general, we can rewrite the model equations in the
form:

dxi
dt

= fi(x) + v+i (x) − v−i (x), (1)

where the time variation of infected people in the i-th compartment (dxi/dt) is
given by the rate of appearance of new infections in the compartment (fi), plus
the rate of transfer of infected individuals into the compartment (v+i ), minus
the rate of transfer of infected individuals out of the compartment (v−i ). We
now define the quantities F and V as the Jacobian matrices of fi and v−i − v+i ,
respectively. We evaluate these matrices at the Disease Free Equilibrium (DFE),
the point at which there are no infected individuals. In our system, the F and
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V matrix have the form:

F =


0 R1s0 R1s0 R1s0 R1s0β R1s0β
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

 (2)

V =


R2 0 0 0 0 0

−(1 − α)R2 R3 0 0 0 0
−αR2 0 R9 0 0 0

0 −(1 − µ)R3 0 R4 0 0
0 −µρR3 0 0 R6 0
0 −µ(1 − ρ)R3 0 0 0 R4

 (3)

where s0 = S0/N0, with S0 and N0 being the initial number of susceptible and
total individuals, respectively, and the other parameters have been introduced
in the main text. The DFE point is assumed to be close to the start of the
epidemics and evaluating F and V there allows to analyze a linearization of the
epidemic dynamics when the population is almost all susceptible. Once the F
and V matrices are calculated, we define the next generation matrix G as

G = FV −1, (4)

that is, given by the product of the matrix describing the generation of new in-
fected individuals times the inverse of the matrix describing the net transfer of
individuals across the infected compartments. We can think of the elements gij
of G as the expected number of secondary infections of compartment i caused
by a single infected individual of compartment j. The basic reproduction num-
ber is then obtained by calculating the spectral radius of G, i.e. its dominant
eigenvalue. For our system, this quantity reads:

R0 = R1s0

[
α

R9
+

1 − α

R3
+

(1 − α)(1 − µ)

R4
+
β(1 − α)(1 − ρ)µ

R4
+
β(1 − α)ρµ

R6

]
.

(5)
We can arrive to the same conclusion by using the formal definition of the

basic reproduction number. Indeed, the chance of transmission of the disease
between two individuals is directly proportional to the contact frequency (λ),
i.e. how many close contacts a person makes on an average per day. If we assume
that the virus has an intrinsic transmission probability of ν during each of these
close contacts, the parameter R1 depicts the overall chance of transmission per
day due to close contacts and is given by R1 = λν. To calculate R0, we also
need to consider the duration for which an individual remains infectious.

At the start of a new epidemic, it is fair to assume that nobody in the popu-
lation is immune to the disease and hence, the number of susceptible population
S0 at the beginning is same as N0. Hence, the fraction of individuals who can
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catch infection initially is one with respect to the overall population. As the dis-
ease progresses, some people get immune to the disease following their recovery
and some of them die due to the infection. This impacts the ratio of susceptible
population and the overall population as both face a reduction due to recovery
and death, respectively. Moreover, due to various political measures and peo-
ple’s responsiveness to them, the contact frequency (λ) also decreases thereby
impacting R1. Hence, effectively the reproduction number becomes a time vary-
ing number mainly dependent on S(t)/N(t) and R1(t). If the infectivity period
of an exposed person is Ip, it would mean

Rt = R1(t)
S(t)

N(t)
Ip, (6)

Let’s now investigate what the infectivity period is for the group of individ-
uals of different compartments of our model. The asymptomatic carriers (CR)
who consist of α fraction of the exposed population, are capable of infecting oth-
ers before they recover, i.e. for 1/R9 days on an average. The pre-symptomatic
carriers (CI), representing (1−α) fraction of the exposed population can infect
others for an average duration of 1/R3 days. All the undetected symptomatic
cases (IU ), i.e., the fraction of (1 − α)(1 − µ) among the exposed remain infec-
tious for a period of 1/R4 days following the onset of their symptoms. Similarly,
the symptomatic individuals who eventually get detected but don’t require hos-
pitalization (IR), i.e., the fraction of (1−α)(1−ρ)µ among the exposed persons
remain infectious for 1/R4 days. On the other hand, the detected symptomatic
persons eventually requiring hospitalization (IH) who represents the fraction
(1 − α)ρµ among the exposed people can spread the infection for 1/R6 days on
average following their symptoms onset and before getting admitted to hospital.
We assume that once somebody is admitted in a hospital cannot infect others
because of suitable measures, proper isolation and protective equipment given
to healthcare workers. Once somebody is detected to have an infection but still
at home quarantine can still pose some risk to the susceptible population de-
pending on how strict regulation the person follows while in home quarantine.
This risk factor is represented by β.

Hence, on an average, the infectivity period of the disease is given by the
summation of fractions of exposed present in a particular compartment multi-
plied by its average infectivity period. For the detected symptomatic cases, we
also need to take into account the risk factor to spread the infection while in
home quarantine. This would give an average infectivity period of

Ip =
α

R9
+

1 − α

R3
+

(1 − α)(1 − µ)

R4
+
β(1 − α)(1 − ρ)µ

R4
+
β(1 − α)ρµ

R6
, (7)

for an exposed person in the population. This would mean that an exposed
person would cause new Rt infections in the population, where

Rt = R1(t)
S(t)

N(t)

[
α

R9
+

1 − α

R3
+

(1 − α)(1 − µ)

R4
+
β(1 − α)(1 − ρ)µ

R4
+
β(1 − α)ρµ

R6

]
(8)
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This is basically our formula for the effective reproduction rate Rt previously
derived using the next generation matrix method.
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