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Abstract. The purpose of C∗-algebra theory is to generalize the
situation that describes the algebra of operators on a Hilbert space.
These algebras carry both algebraic and analytic structure, which
are intertwined via spectral theory. The goal of this expository
paper is to show how the algebraic structure of a C∗-algebra com-
pletely determines its analytic structure. Specifically, we show that
the norm on a C∗-algebra, an analytic concept, is determined by
the spectrum, an algebraic concept.

1. Introduction

The goal of C∗-algebra theory when it began was to generalize the
structure that appears when we consider the algebra of operators on
a complex Hilbert space. In this paper, we begin by building up to
the definition of a C∗-algebra, and introducing some results that are
characteristic of and critical to the study of C∗-algebras. In Section
2, we define Hilbert spaces and provide prototypical examples of C∗-
algebras, as well as make a connection between C∗-algebra theory and
an introductory point-set topology result. Finally, we discuss the con-
cept of a spectrum, and show how this, an algebraic concept, com-
pletely determines the analytic structure by defining a unique norm on
the C∗-algebra, if one exists.

Definition 1.1. A vector space A over a field F is an algebra if it
is equipped with a multiplication, (A,B) 7→ AB, such that, for all
A,B,C ∈ A and α, β ∈ F,

(1) A(BC) = (AB)C;
(2) A(B + C) = AB + AC; and
(3) αβ(AB) = (αA)(βB).

We say that A is abelian, or commutative, if the multiplication is com-
mutative:

AB = BA,

for all A,B ∈ A.
1



2 NICHOLAS CHRISTOFFERSEN

Further, we say that A is unital, or has an identity, if there exists an
element 11 ∈ A such that for all A ∈ A,

11A = A11 = A.

Good examples of algebras are Cr(I), the set of r-continuously dif-
ferentiable functions on the unit interval in R, and the set of n × n
matrices over a field F, denoted Mn(F). The second of these algebras
is particularly interesting when F = C, it has an involution.

Definition 1.2. Let A be an algebra over C or R. A map ∗ : A → A,
A 7→ A∗ is called an involution, or adjoint operation on A, if for all
A,B ∈ A, and α, β ∈ C, we have

(1) A∗∗ = A;
(2) (AB)∗ = B∗A∗; and
(3) (αA+ βB)∗ = αA∗ + βB∗,

where α denotes the conjugate of α ∈ C (or α = α, if α ∈ R).
The simplest example of an involutive algebra is C, the complex

numbers, viewed as an algebra over itself. Involution in C is given by
taking conjugates. In the case of Mn(C), the involution of a matrix A
is given by taking the adjoint (conjugate transpose) of A, denoted A∗,
or sometimes A†. In the special case of Mn(R), the involution is given
by taking the transpose.

Now, to do analysis on a space, it is helpful to have a notion of size,
or norm.

Definition 1.3. An algebra A is a normed algebra if there is a map

A 7→ ∥A∥ ∈ R+

that sends A to the norm of A and has the following properties:

(1) ∥A∥ ≥ 0 and ∥A∥ = 0 if and only if A = 0;
(2) ∥αA∥ = |α| ∥A∥;
(3) ∥A+B∥ ≤ ∥A∥+ ∥B∥; and
(4) ∥AB∥ ≤ ∥A∥∥B∥.

The third and fourth of these properties are called the triangle inequal-
ity and product inequality, respectively.

This norm defines a topology, which is called the uniform topology. If
a normed algebra is complete with respect to its uniform topology, it is
called a Banach algebra. If, in addition, it is an involutive algebra with
the property that ∥A∥ = ∥A∗∥, then it is called a Banach ∗-algebra.
Definition 1.4. A involutive Banach algebra A is a C∗-algebra if the
following property, called the C∗ identity, is satisfied:

∥A∗A∥ = ∥A∥2.
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In all that follows, A denotes a C∗-algebra, possibly without identity.
However, the existence of an identity element is quite useful. To address
this, we have the following result.

Theorem 1.5. Let A be a non-unital C∗−algebra, and Ã denote the
algebra of pairs {(α,A) : α ∈ C, A ∈ A} with

(α,A) + (β,B) = (α + β,A+B),

(α,A)(β,B) = (αβ, αB + βA+ AB), and

(α,A)∗ = (α,A∗).

With the following norm

∥(α,A)∥ = sup{∥αB + AB∥ : B ∈ A, ∥B∥ = 1},

Ã is a C∗-algebra with identity.

Remark 1.6. We will refer to Ã as adjoining the identity to A. We can
identify the A as the sub-C∗-algebra {(0, A) ∈ Ã}. In other words, if
we have an algebra A, we can assume that it is contained in a larger
unital algebra C∗-algebra. We will return to this result when we have
the examples to make it meaningful.

2. Examples of C∗-algebras

Recall from the introduction that the theory of C∗-algebras came
from a desire to generalize the notion of the space of operators on a
Hilbert space. In this section, we give a few examples of C∗-algebras.

Definition 2.1. A complex Hilbert space H is a complete inner product
space, that is, a vector space over C equipped with an inner product

⟨·, ·⟩ : H×H → C

such H is complete with respect to the norm induced by this inner
product (∥ξ∥ :=

√
⟨ξ, ξ⟩).

Definition 2.2. A bounded linear operator on a Hilbert Space H is a
linear map A,

A : H → H
such that it is bounded in the operator norm

∥A∥ := sup{∥Aξ∥ : ∥ξ∥ = 1} < ∞.

The set of all such operators is denoted L(H).

We now give our first example of a C∗-algebra.
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Example 2.3. Consider Mn(C), the set of n × n matrices over the
complex numbers. With taking adjoints as the involution, and under
the operator norm:

∥A∥ = sup{∥Ax∥ : x ∈ Cn, ∥x∥ = 1},
the spaceMn(C) forms a C∗-algebra. Note that this is a special instance
of a family of operators on a Hilbert space.

As one can see from the previous example, C∗-algebras can, in gen-
eral, be non-abelian. However, the study of abelian C∗-algebras is im-
portant, as many results can be proved by proving them in an abelian
sub-C∗-algebra of the original space. To understand a very important
example of an abelian C∗-algebra, we first need the following:

Definition 2.4. Let f : X → C be a continuous map from a topologi-
cal space X to C. We say that f vanishes at infinity if, for every ϵ > 0,
there exists a compact set K such that

|f(x)| < ϵ, for all x ∈ X \K.

Example 2.5. Let X be a topological space. Consider the set of con-
tinuous functions from X to C that vanish at infinity, denoted C0(X).
Under the supremum norm:

∥f∥ = sup{|f(x)| : x ∈ X},
and with involution given pointwise, that is, f ∗(x) = f(x), the space
C0(X) forms an abelian C∗-algebra. Further, it has identity if and only
if X is compact.

The preceding example not only gives us an abelian C∗-algebra, but
also one possibly without unity. Recall Theorem 1.5, where we stated
that to any C∗-algebra, we may add identity. In the case of C0(X),
where X is not compact, this is equivalent taking the one-point com-
pactification of X, denoted X̃, and viewing C0(X) as a sub-C∗-algebra
of C0(X̃).

3. Spectral Theory

Spectral theory is a broad area of study that is used in a variety of
mathematics. The spectrum can be defined for a variety of objects, in
particular, it can be described for operators. In the finite dimensional
case, the elements of the spectrum are referred to as eigenvalues. The
eigenvalues of a matrix A are given by those elements λ ∈ C for which
there is a non-zero vector v such that Av = λv. To generalize this
concept to operators on an infinite dimensional space, we must gener-
alize the notion of the spectrum to be all values λ such that A− λI is
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not invertible. In particular, A − λI may not be invertible if it is not
injective, or if it is not surjective. Considering these cases give us a
decomposition of the spectrum into different parts. We will not discuss
this here, but it is an interesting topic of a graduate functional analysis
course.

Definition 3.1. LetA have identity 11. We say that A ∈ A is invertible
if there is an element B ∈ A such that AB = BA = 11

Definition 3.2. Let A have identity 11. The spectrum of an element
A ∈ A (in the algebra A) is

σA(A) := {λ ∈ C | λ11− A is not invertible (in A)}.

The complement of σA(A) in C is called the resolvent set, and is denoted
rA(A).

Example 3.3. Recall Example 2.5, the C∗-algebra C0(X) of contin-
uous, complex-valued functions on X that vanish at infinity. We now
consider C0(I) where I = [0, 1] ⊆ R. Note that the condition that each
function vanishes at infinity is no longer needed in this specific exam-
ple, since the whole space, I, is itself compact. (Thus in Definition 2.4,
for every ϵ > 0, take K = I, and the condition is satisfied.) Further,
C0(I) has identity, namely the function 11(x) ≡ 1.

Now, let f ∈ C0(I). The function f − λ11 is invertible if and only if
(f − λ11)(x) ̸= 0 for all x ∈ I. Therefore, λ ∈ σC0(I)(f) if and only if
λ ∈ f(I), so that σC0(I)(f) = f(I). The spectrum of f is the range of
f in the case of C0(I).

Remark 3.4. This definition depends on which algebra we consider A to
be an element of. For example, it seems possible that A belongs to two
algebras, and that an inverse of λ11−A lies in one of these algebras but
not the other. We will not go into this here, but fortunately this is not
true in the case of C∗−algebras (but may be the case in general Banach
algebras). The spectrum of an element of a C∗-algebra is independent
of which C∗-algebra one considers it an element of. This motivates the
following:

Definition 3.5. Let A be without identity. Then we define the spec-
trum of A ∈ A as

σA(A) := σÃ(A).

The following proposition is an important step in understanding how
spectra behave in general.

Proposition 3.6. The spectrum of an element A ∈ A is a closed set.
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Proof. First, assume that A has identity, by adjoining one if necessary.
We will show that the resolvent is open. So let λ0 ∈ C \ σ(A). By
definition, this means that (λ011−A) is invertible. Then, for all λ with
|λ− λ0| < ∥(λ011− A)−1∥, define

Bλ =
∑
m≥0

(λ0 − λ)m(λ011− A)−m−1.

Since A is a C∗-algebra, it is, in particular, a Banach algebra, so that
this limit is well defined (since the sequence is Cauchy). We will show
that Bλ is an inverse for (λ11−A), so that λ is also in the resolvent set
of A. We calculate

Bλ(λ11− A) =
∑
m≥0

(λ0 − λ)m(λ011− A)−m−1(λ11− A)

=
∑
m≥0

(λ0 − λ)m(λ011− A)−m−1((λ− λ0 + λ0)11− A)

=
∑
m≥0

(λ0 − λ)m(λ011− A)−m−1(λ011− A)

+
∑
m≥0

(λ0 − λ)m(λ011− A)−m−1(λ− λ0)11

=
∑
m≥0

(λ0 − λ)m(λ011− A)−m

−
∑
m≥0

(λ0 − λ)m+1(λ011− A)−m−1

=
∑
m≥0

(λ0 − λ)m(λ011− A)−m

−
∑
m≥1

(λ0 − λ)m(λ011− A)−m

= (λ0 − λ)0(λ011− A)0 = 11.

So Bλ is indeed a left inverse for λ11− A. A similar calculation shows
that it is a right inverse, and thus λ11 − A is invertible. Therefore,
λ ∈ C \ σ(A), so that C \ σ(A) is open. □

The preceding result and proof are quite representative of other
proofs when one begins studying spectral theory. The completeness
of A allows one to define these series, which are designed to be ele-
ments of A that one tries to construct. Even more interesting (at least
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to this author) is that integrals of C∗-algebra valued functions can be
well-defined. Indeed, when studying the functional calculus on C∗-
algebras, one tries to make sense of extending functions to be valued
in a C∗-algebra. As the reader has just seen, polynomials, and even
analytic functions, of C∗-algebras can be well-defined by power series.
Moreover, one can use these, along with integral definitions, to define
continuous functions of C∗-algebras. One very important example of
this is to define the square root of an element of a C∗-algebra.

Now, we begin to discuss the interplay between spectrum, an alge-
braic concept, and the norm, an analytic concept. For this, we need to
define the spectral radius of an element of a C∗-algebra.

Definition 3.7. Let A be an element of a Banach algebra with identity.
Define the spectral radius ρ(A) of A by

ρ(A) = sup{|λ| , λ ∈ σ(A)}.

So far, everything still looks entirely algebraic. Then, one considers
the following result, and can begin to see the interplay between the
two.

Proposition 3.8. The spectral radius of A ∈ A is given by

ρ(A) = lim
n→∞

∥An∥1/n = inf
n
∥An∥1/n.

Definition 3.9. An element A ∈ A is called normal if

A∗A = AA∗.

Finally, we come to the main result.

Theorem 3.10. Let A be a C∗-algebra with identity. If A ∈ A is a
normal element, then the spectral radius, ρ(A), of A is given by

ρ(A) = ∥A∥.

Corollary 3.11. If A is a ∗-algebra and there exists a norm on A with
the C∗-norm property, and A is closed with respect to this norm, then
this norm is unique.
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