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Groupoid theory plays an important role in physics since the beginnings of quantum mechanics.
Recent developments in understanding symmetries in complex dynamical systems underpin the growing
importance of groupoid theory also for statistical mechanics. The q-Gaussian function is observed as the
distribution function of many physical and biological systems and emerges naturally in the statistical
mechanics of non-ergodic and complex systems. A number of dynamical systems are characterized by
pairs and triples of q-Gaussians. The aim of this work is to relate these triples of q-Gaussians with
different q-values, representing intrinsic symmetries of the dynamical system at hand, such that any
value of q can be mapped uniquely to any other value q′. We present a complete set of transformations
of q-Gaussians by deriving a general map γqq′ that transforms normalizable q-Gaussian distributions into
one another. We show that the action of γqq′ is a transformation groupoid.

© 2013 Elsevier B.V. All rights reserved.
1. Introduction

The mathematical concept of groupoids [1,2] generalize the con-
cept of groups, which have become an integral part of physics
when dealing with discrete and continuous symmetries in nature.
Maybe the most important examples for applications of groupoids
are found in quantum mechanics, network-, and information the-
ory: Groupoids play a crucial role in deriving quantitative models
from experimental data. A. Connes examplifies this with Heisen-
bergs construction of quantum mechanics from the algebraic prop-
erties of the observable Hydrogen spectra [3]. More generally, if
experimental data can be grouped into equivalence classes com-
patible with an algebraic structure, a groupoid approach can cap-
ture the symmetries of the system. This would not be possible
with group theory. Groupoid theory not only generalizes group
theory but also introduces notions of equivalence relations [4], and
therefore is capable of dealing with more general forms of sym-
metries than can be treated with group theory. This allows for
instance to detect symmetries in networks that possess no appar-
ent group-symmetry. This has direct consequences for example the
analysis of neural network dynamics [5].

In statistical mechanics some non-equilibrium processes break
group symmetries that exist in corresponding equilibrium systems
(e.g. invariance under translation or rotation). Such systems may
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still possess groupoid-symmetries, which may be exploited to find
families of distribution functions, characteristic to the problem.
Finding these distribution functions is of particular importance
for determining proper prior distributions in an information the-
oretic context of complex systems and associated notions of en-
tropy [6,7]. The arbitrariness in assigning a prior distribution to
a set of observables usually can be eliminated if the problem
possesses symmetries [8]. The state of maximal ignorance of dif-
ferent observers needs to be invariant under the symmetries of
the problem. This usually determines the corresponding prior dis-
tribution functions of observables completely [8] (Chapter 12.4).
Since groupoids are one-to-many generalizations of groups [9], we
cannot necessarily expect groupoid-symmetries to determine prior
distributions uniquely, consistent with concepts like superstatistics
[10], that aim to formalize near equilibrium thermodynamics. Yet,
groupoid symmetries may allow to determine the specific equiva-
lence classes of prior distribution functions uniquely. Distribution
functions arising in superstatistics are invariant under a discrete
symmetry. This symmetry is a duality between entropy function-
als [11,12] and therefore describes an invariance between states
of maximal ignorance. A deeper understanding of how groupoid
symmetries of systems determine particular families of distribu-
tion functions is still required.

The aim of this Letter is to present a formalism that allows to
use the mathematical apparatus of groupoids in the statistical me-
chanics of complex systems which are characterized by power law
distribution functions. A convenient normalizable form for these
functions is the q-Gaussian. In particular we are interested in pro-
viding a method to deal with systems that are not characterized
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by a single q-Gaussian, but pairs or triples of distinct power laws.
If these pairs and triples of q-Gaussians have a single origin, then
the appropriate way to describe the underlying symmetry of the
problem is the groupoid approach.

The q-Gaussian is a fundamental power-law probability dis-
tribution function that emerges as the statistics of a wide spec-
trum of physical and biological phenomena [13–16], including
the motion of biological cells [17,18], defect turbulence [19], cold
atoms in dissipative optical lattices [20], or dusty plasma [21]. The
q-Gaussian distribution is related to invariance under scaling [22]
(see also Jackson Derivative [23]) and generalizations of the Fourier
transformation [24], and is defined as

Gq(x) ≡ 1

Zq

[
1 − (1 − q)βx2] 1

1−q , (1)

where Zq is the normalization, and β > 0 is some constant. In
the limit q → 1 q-Gaussians converge to the Gaussian distribution.
In the range q ∈ [−∞,1) the function Gq(x) is defined only for
x ∈ [−L, L], with L = 1/

√
(1 − q)β , i.e. for |x| > L one has to de-

fine Gq(x) ≡ 0. For q � 1, Gq(x) is defined for all x ∈ [−∞,∞].
Note, that for q in the range [−∞,5/3], the existence of a second
moment, while for q in [−∞,3), normalization is ensured for the
q-Gaussian distribution.

In a theoretic framework q-Gaussians can be derived in var-
ious ways and play a fundamental role in generalized statistical
mechanics. They appear as the solutions of paradigmatic non-
Markovian Langevin processes [25,26], inhomogeneous linear [27],
or homogeneous non-linear [28–30] Fokker–Planck equations. Gen-
erally, q-Gaussian (and q-exponential) distributions naturally ap-
pear as a particular class of probabilistic systems, where one of the
four Shannon–Khinchin (SK) [31,32] axioms1 — the separation ax-
iom — is violated, e.g. in non-ergodic or non-Markovian systems
[7,11,12,33]. This class of statistics is sometimes referred to as
q-statistics [22], which has numerous applications in physical, bio-
logical and social systems. Several investigations indicate that the
frequent occurrence of q-Gaussian distributions in nature is not a
mere coincidence. There may for instance exist deep connections
with large deviation theory [34–37] for random variables of strongly
correlated random processes.

Also in the context of signal normalization, which is frequently
required for transforming a signal to match the finite input range
of an actual detector, it has been shown that some normaliza-
tion procedures affect signal properties [38]. In particular, for some
classes of stochastic signals there exist two simple normalization
procedures such that the distribution of the normalized signal re-
ceived by the detector is q-Gaussian. For one of the two procedures
the resulting q-values are always q > 1 while for the other q < 1
[38].

Another situation where q-Gaussians naturally appear is in the
context of binary correlated processes [39]. A large class of corre-
lated binary processes is completely determined by its limit distri-
bution, i.e. by the distribution of the number of counts of heads n+
and tails n− , as the number of tosses N goes to infinity. To study
limit distributions of such processes it is necessary to fix a normal-
ization scheme for these numbers of counts. Here again two “natu-
ral” scaling procedures exist. In one case one normalizes the num-
ber of counts for heads and tails simply by dividing by the number
of tosses. The difference x = (n+ − n−)/N of these normalized

1 Shannon–Khinchin axioms: (i) Entropy is a continuous function of the probabil-
ities pi only, i.e. s should not explicitly depend on any other parameters. (ii) En-
tropy is maximal for the equi-distribution pi = 1/W . — From this the concavity
of s follows. (iii) Adding a state W + 1 to a system with pW +1 = 0 does not
change the entropy of the system. — From this s(0) = 0 follows. (iv) Entropy of
a system composed of 2 (probabilistically) independent sub-systems A and B , is
S(A + B) = S(A) + S(B|A).
counts therefore is a random variable x ∈ [−1,1]. Alternatively, one
can “zoom in” on the distribution function of x and study another
random variable y ∝ x/

√
1 − x2 with y ∈ [−∞,∞]. If a correlated

binary process has a q-Gaussian as a limit distribution of x with
−∞ < q � 1, then the limit distribution of y is another q-Gaussian
with 5/3 > q′ = f (q) � 1. The function f (q) = (7 − 5q)/(5 − 3q)

turns out to be a duality, i.e. f ( f (q)) = q on [−∞,5/3]. Since the
two q-Gaussians are generated by the same correlated binary pro-
cess they map onto one another in a natural way. Similar duality
maps of the type f A(q) = (A − (A − 2)q)/(A − 2 − (A − 4)q), which
have been suggested as generalization of f , have been observed
earlier, e.g. A = 3 in [24], A = 7 in [39], which reproduces f here,
or A = 4, which gives the well-known duality f4(q) = 2 − q, of
q-exponential functions [40]. Dualities2 seem to play an important
role in generalized statistical systems, not only for q-statistics [11,
12].

Frequently so-called q-triplets [22], are being used to character-
ize non-equilibrium systems [41,42,44–46]. Examples range from
the heliosphere activity [43] to the El Niño pattern [47]. Also here
the situation arises that two of the three q’s, i.e. qdistribution and
qrelaxation, are larger than one, whereas the third q, i.e. qsensitivity, is
smaller than one. Here a means to understand the functional in-
terrelations between those parameters is necessary. In conclusion,
there frequently arise situations where two (or more) q-Gaussians
with distinct values of q are generated by a common underlying
process. Yet, how these descriptive pairs or triples of q-Gaussian
distributions emerge as different characteristics of a common pro-
cess still requires a deeper understanding and adequate tools to
approach this type of question, like a general approach to deal with
transformations that map any two q-Gaussians with values q and
q′ in [−∞,3) onto one another, were hitherto still missing.

Despite its numerous applications, the mathematical proper-
ties of the q-Gaussian distribution functions are not yet fully ex-
plored. Recently symmetries were found and described in gen-
eralized statistical mechanics [11,12]. In this spirit here we will
explore the group — or more precisely — the groupoid structure of
the q-Gaussian distribution family. The fact, that such a groupoid
structure exists is not surprising, since any set Q possesses a
natural associated groupoid structure, the so-called pair-groupoid
(Q × Q , g) with the groupoid operation (q,q′)g(q′,q′′) = (q,q′′),
[3,4]. But similar to the situation with groups, groupoids may have
various different representations. Obviously, a very simple repre-
sentation of the groupoid-morphism for q-exponential functions
with q-values in Q = [1,3) is given by (q,q′) ≡ expq ◦ logq′ , where
expq(x) = (1 + (1 − q)x)1/(1−q) is the q-exponential function. Its in-
verse, logq , is the q-logarithm. Yet, this representation does not
provide a transformation groupoid for normalized q-Gaussian dis-
tribution functions.

The remainder of the Letter is concerned with deriving an
appropriate representation of (q,q′) that maps one normalized
q-Gaussian into another one with q,q′ ∈ [1,3).

Although implicitly implied by the mathematical construction,
we prove that this family indeed satisfies the properties of a
groupoid. As a particular application of these findings, in combi-
nation with the results from [39], then allows us to extend the
transformation groupoid to maps q → q′ with both q and q′ in
[−∞,3).

The Letter can therefore be seen as the completion of work
presented in [39] and is organized as follows. In Section 2, we es-
tablish a set G of scaling functions γq′q that map q-Gaussians onto
q-Gaussians for q ∈ [1,3). In Section 3, we prove that the action of
γq′q on q-Gaussians forms a transformation groupoid, (G,◦), under

2 See also the discussion between Tsallis and Hillhorst on q-Fourier transforms
[24,48,49].
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a specific composition operation ◦. Finally, in Section 4, we con-
clude.

2. The set of scaling functions

A way to map one normalizable q-Gaussian distribution onto
another is to identify their probabilities, i.e. if y and y′ are
q-Gaussian distributed random variables, with q-values q and q′
respectively, then we ask which values of z and z′ allow to equate
the probabilities P (z > y > 0) = P (z′ > y′ > 0). We achieve this by
determining the scaling functions γ (z) such that

γ (z)∫
0

dy Gq(y) =
z∫

0

dy′ Gq′
(

y′), (2)

where Gq(y) and Gq′(y′) are two q-Gaussian distributions, defined
in Eq. (1). To solve this equation it is suitable to consider its differ-
ential form,

dγ (z)

dz
Gq

(
γ (z)

) = Gq′(z), (3)

with γ (0) = 0, and z ∈ [−∞,+∞]. The solutions of this differen-
tial equation can be identified with a map γq′q : Gq → Gq′ such that
Gq′(z) ≡ γ ′

q′q(z)Gq(γq′q(z)). By using the definition of q-Gaussians
(with β = 1 for simplicity) and separation of variables, we write
Eq. (3) as

1

Zq

∫
dγ (z)

[
1 − (1 − q)γ 2(z)

] 1
1−q

= 1

Zq′

∫
dz

[
1 − (

1 − q′)z2] 1
1−q′ . (4)

Note that both integrals in Eq. (4) have the same structure and can
be expressed in terms of hypergeometric functions

1

Zq
γ (z) 2 F1

(
1

2
,

1

q − 1
; 3

2
;−(q − 1)γ 2(z)

)

= 1

Zq′
z 2 F1

(
1

2
,

1

q′ − 1
; 3

2
;−(

q′ − 1
)
z2

)
. (5)

To determine γ (z) we can use the relations [50]

2 F1(α,β;γ ; z) = (1 − z)−α
2 F1

(
α,γ − β;γ ; z

z − 1

)
(6)

and

Bx(m,n) =
x∫

0

tm−1(1 − t)n−1 dt

= xm

m
2 F1(m,1 − n;m + 1; x). (7)

It is then easy to show that Eq. (5) may be written as

1

Zq
√

q − 1
B (q−1)γ 2(z)

1+(q−1)γ 2(z)

(
1

2
; 1

q − 1
− 1

2

)

= 1

Zq′
√

q′ − 1
B (q′−1)z2

1+(q′−1)z2

(
1

2
; 1

q′ − 1
− 1

2

)
. (8)

We assume from now on that 1 � q < 3. The normalization
Zq = ∫ ∞

−∞ dx Gq(x) is given by

Zq = 1√ B

(
1
,

1 − 1
)

. (9)

q − 1 2 q − 1 2
Table 1
Particular cases of γqq′ for which simple functions can be found.

Transformation:
Gq(z) → Gq′ (z)

Scaling function:
γq′q(z)

G2(z) → G 5
3
(z) tan( π z

(6+4z2)1/2 )

G2(z) → G 7
5
(z) tan(

π z(15+4z2)

2
√

2(5+2z2)3/2 )

G2(z) → G 9
7
(z) tan(

π z(735+280z2+32z4)

8
√

2(7+2z2)5/2 )

G2(z) → G 11
9

(z) tan(
π z(25 515+4z2(2835+504z2+32z4))

16
√

2(9+2z2)7/2 )

G2(z) → G 13
11

(z) tan(
π z(4 611 915+16z2(139 755+4z2(7623+792z2+32z4)))

128
√

2(11+2z2)9/2 )

.

.

.

.

.

.

G5/3(z) → G2(z)

√
6 arcsin( z√

1+z2
)

π2−4 arcsin2( z√
1+z2

)

G5/3(z) → G 7
5
(z)

√
3z(11+4z2)√
500+150z2

G5/3(z) → G 9
7
(z)

√
3z(735+280z2+32z4)√

1 075 648+456 190z2+54 880z4

G5/3(z) → G 11
9

(z) z(25 515+4z2(2835+504z2+32z4))

27
√

6
√

93 312+45 927z2+8568z4+560z6

G5/3(z) → G 13
11

(z)

√
3

22 z(4 611 915+16z2(139 755+4z2(7623+792z2+32z4)))

121
√

119 939 072+3z2(21 398 487+32z2(152 823+16 324z2+672z4))

.

.

.

.

.

.

Using the definition of the regularized incomplete Beta-function,
Ix(a,b) ≡ Bx(a,b)/B(a,b), with a > 0, b > 0, and x ∈ [0,1], we
write Eq. (8) as

I (q−1)γ 2(z)

1+(q−1)γ 2(z)

(
1

2
; 1

q − 1
− 1

2

)

= I (q′−1)z2

1+(q′−1)z2

(
1

2
; 1

q′ − 1
− 1

2

)
. (10)

Since y = Ix(a,b) is monotonically increasing in x, there exists the
inverse function x = I−1

y (a,b). Using this we can finally obtain the
map

γq′q(z) = ± 1√
q − 1

⎛
⎜⎜⎜⎝

I−1
I

(q′−1)z2

1+(q′−1)z2

( 1
2 ; 1

q′−1
− 1

2 )
( 1

2 ; 1
q−1 − 1

2 )

1 − I−1
I

(q′−1)z2

1+(q′−1)z2

( 1
2 ; 1

q′−1
− 1

2 )
( 1

2 ; 1
q−1 − 1

2 )

⎞
⎟⎟⎟⎠

1
2

.

(11)

These maps γq′q : Gq → Gq′ form the family G of scaling trans-
formations that act on the set of q-Gaussian distributions through
Eq. (2). Remarkably, for some particular values of q and q′ , Eq. (11)
can be simplified and expressed in terms of simple functions. In
Table 1 we show some examples of these particular cases. In Fig. 1
some of these maps are plotted. In Fig. 2 we show the region for
q and q′ that can be mapped to each other through γq′q . The par-
ticular cases listed in Table 1 are plotted as points.

3. Transformation groupoid

In this section we prove that the family G = {γq′q}q,q′∈[1,3) , ob-
tained in the previous section, has special properties that allow us
to classify (G,◦) as a groupoid under the composition operation

γq′′q′ ◦ γq′q(z) ≡ γq′q
(
γq′′q′(z)

)
. (12)

As pointed out in [1], this algebraic structure, in which every el-
ement of the set is invertible (formally, every morphism is an
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Fig. 1. (a) Scaling functions γq′2 : G2 → Gq′ for values q′ = { 5
3 , 7

5 , 9
7 , 25

23 }. (b) Scaling functions γq′ 5
3

: G 5
3

→ Gq′ for values q′ = { 7
5 , 9

7 , 11
9 , 25

23 }.
Fig. 2. The range of 1 < q < 3 and 1 < q′ < 3 define the region in which Gq and Gq′
can be mapped to each other by γq′q ∈ G . The points represent the particular cases
listed in Table 1.

isomorphism), is an extension of the concept of groups,3 for more
details see [1,4,51]. Here, we focus on those conditions constituting
a transformation groupoid.

Let us consider the action of the set of maps G on the set
of q-Gaussian distributions Q = {Gq}q∈[1,3) (elements). There exist
two functions s : G → Q and t : G → Q that can be used to assign
two unique elements to each map γ ∈ G with γ = γq′q different
from the identity map. One element s(γq′q) = Gq is the “source”,
the other element t(γq′q) = Gq′ is the “target” of the map γq′q (i.e.
the right q-index of γq′q indicates the source, the left the target).
This action may be expressed as γq′q : Gq → Gq′ . Therefore (G,◦)

forms a transformation groupoid on the family of q-Gaussians with
q ∈ [1,3), where the binary operation satisfies the properties of (i)
composition, (ii) associativity, (iii) the existence of an unique iden-
tity element, and (iv) the existence of inverse elements.

1. Composition. The composition of two elements in a groupoid
is defined if and only if the target of the one map coincides
with the source of the other map and is given by Eq. (12).
The idea of the proof is to show that if γq′′q′ and γq′q are
solutions of Eq. (2), then their composition γq′′q′ ◦ γq′q is the
solution γq′′q of Eq. (2).

3 A group is an algebraic structure which satisfies four properties: (i) closure
(of the composition), (ii) associativity, (iii) identity and (iv) existence of inverse
elements. If property (i) is relaxed the associated structure is called groupoid. If
property (iv) is relaxed the structure is a monoid. Semigroups structures generalize
the monoid one since do not hold also the property (iii).
Proof. Let γq′′q′ (z) = f (z) and γq′q(y) = g(y). From Eq. (3) we
have that f (z) and g(y) are solutions of

f ′(z)Gq′
(

f (z)
) = Gq′′(z) (13)

and

g′(y)Gq
(

g(y)
) = Gq′(y). (14)

Consider f ◦ g(y) = g( f (z)). Inserting y = f (z) in Eq. (14)
yields

g′( f (z)
)
Gq

(
g
(

f (z)
)) = Gq′

(
f (z)

)
. (15)

Multiplying both sides of Eq. (15) with f ′(z),

g′( f (z)
)

f ′(z)︸ ︷︷ ︸
(g( f (z)))′

Gq
(

g
(

f (z)
)) = f ′(z)Gq′

(
f (z)

)
︸ ︷︷ ︸

right-hand side of Eq. (13)

, (16)

and using f ◦ g(z) = g( f (z)) on the left side of the equation
finally yields

(
f ◦ g(z)

)′
Gq

(
f ◦ g(z)

) = Gq′′(z), (17)

and the composition γq′′q′ ◦ γq′q(z) is the map γq′′q : Gq →
Gq′′ . �
In Fig. 3(a), the composition is depicted graphically. This result
will be useful to prove the next three properties.

2. Associativity. The composition rule ◦ is associative, i.e.

γq′′′q′′ ◦ (γq′′q′ ◦ γq′q) = (γq′′′q′′ ◦ γq′′q′) ◦ γq′q. (18)

Proof. This property is a natural consequence of the previous
one. Applying the composition rule first to the terms within
the parentheses on both sides of Eq. (18) and then once more
to the results of both sides,

γq′′′q′ ◦ γq′q︸ ︷︷ ︸
γq′′′q

= γq′′′q′′ ◦ γq′′q︸ ︷︷ ︸
γq′′′q

, (19)

shows that the left and right side of Eq. (18) are in fact iden-
tical. �
In Fig. 3(b), associativity is demonstrated graphically.

3. Identity element. There exists an unique identity element,
id ∈ G , with id(z) = z. Moreover for any q ∈ [1,3) we have
that γqq = id.
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Fig. 3. (a) Composition operation (multiplication) of the groupoid. (b) The upper panel illustrates the operation γqq′ ◦ (γq′q′′ ◦ γq′′q′′′ ) while the lower panel shows the
operation (γqq′ ◦ γq′q′′ ) ◦ γq′′q′′′ . Associativity means that the order of composition does not affect the final result. (c) The composition of the identity element (γqq(z) = z,∀q)
with another element maps the latter onto itself. The left and right panels illustrate left and right multiplication with the identity element. (d) Composition of an element
with its existing inverse element yield the identity element.
Proof. First note that f ◦ id(z) = id( f (z)) = f (z), and id◦ f (z)
= f (id(z)) = f (z) and therefore id(z) = z, is indeed the iden-
tity element with respect to ◦. Using the definition of the com-
position rule one gets γq′q ◦γqq(z) = γq′q(z) and γq′q′ ◦γq′q(z) =
γq′q(z). Moreover, by the definition of γq′q , Eq. (2), it directly
follows that γqq(z) = z for all q and therefore γqq ≡ id for all
q ∈ [1,3). �
In Fig. 3(c), the source and target identity elements are de-
picted graphically.

4. Inverse element. For each map γq′q �= id, there exists a unique
inverse element γ −1

q′q = γqq′ for which γqq′ ◦γq′q = id and γq′q ◦
γqq′ = id, for any q �= q′ in [1,3).

Proof. Using the composition rule immediately shows that
γqq′ ◦ γq′q = γqq , for any q′ and q in [1,3). Since we already
know that γqq = id, this completes the proof. �
In Fig. 3(d), the inverse element is depicted graphically.

4. Conclusions

In this work we have derived a probability preserving rep-
resentation for the transformation groupoid morphisms acting
on q-Gaussian distribution functions with q ∈ [1,3) by studying
probability-preserving scaling transformations between q-Gauss-
ians. We explicitly have shown that a groupoid structure allows
to map any two q-Gaussian distribution functions with 1 � q < 3
onto each other. It was shown in [39] that q-Gaussian distribution
functions with compact support, q ∈ [−∞,1], can be mapped to
q-Gaussians with finite second moments, i.e. q′ ∈ [1,5/3]. The par-
ticular map was shown to be q → q′ = (7 − 5q)/(5 − 3q) which
preserves probabilities in the same sense as the scaling transfor-
mations of the groupoid in this Letter. Using this result [39] in
combination with the main result of this present Letter it becomes
immediately clear that the groupoid structure naturally extends to
all normalizable q-Gaussian distribution functions (q ∈ [−∞,3)).
This is trivially seen by composing the groupoid elements de-
rived in this work with the particular map derived in [39]. Prac-
tically, we can use the presented groupoid elements to map bins
of counting statistics for different values of q. Technical details
that have been considered for finite size models have been dis-
cussed essentially in [39]. We present a complete theory of map-
pings between normalizable q-Gaussians, allowing to relate any
two normalizable q-Gaussian distribution functions and therefore
to specify any relation between normalizable q-Gaussians that can
be encountered. The presented work is a first step in establishing
a general mathematical framework to approach questions on the
emergence of q-Gaussian distribution functions as priors and to ex-
plore the interrelations between multiple q-values associated with
non-equilibrium processes, as the q-triplet, by exploring experi-
mental data generated by particular process within the framework
of groupoid theory.
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