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a b s t r a c t

We study a system of interacting particles in the framework of the two-parameter
Sharma–Mittal entropy Sq,r . The two-bodyHamiltonian describing the interaction between
the particles of the system is obtained requiring that the equilibrium distribution can be
factorized in the product of the distributions of the single particles. In the present picture,
we derive, according to the zeroth principle of thermodynamics, a possible definition of
temperature and pressure and investigate their scaling properties. We show that, if the
parameter q scales according to the law q′

− 1 = λ (q − 1), temperature and pressure are
intensive-like quantities, while entropy has an extensive-like behavior.

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

In the last two decades several papers have been written with the purpose to extend statistical mechanics and
thermodynamics in a consistent way, able to capture the peculiarities observed in various complex systems (see [1] and
references therein) and, at the same time, to preserve the epistemological structure of the Boltzmann–Gibbs (BG) theory
[2–11].

This extension can be realized replacing the BG entropy with its possible generalized versions [12–20]. The emerging
theories have been applied, for instance, in the study of interstellar turbulence [21], solar sound speeds [22], systems with
long-range interactions [23], trapped ion interacting with a classical buffer gas [24], spin-glass relaxation [25], to cite a few.

Amongmany proposals, the formalism based on the Sharma–Mittal entropy (SME) [26], a two-parameter family of order
r and degree q introduced in the framework of the information theory [27–30], has recently captured the attention for its
possible applications in the study of physical complex systems.

Remarkably, SME includes, as special cases, some well known entropic forms, among them we recall the Tsallis
entropy [31], the Rényi entropy [32] and others [33,34].

On the physical ground, SME has been applied in the framework of kinetic theory [35] to derive nonlinear Fokker–Planck
equations [36]. In Ref. [37] it has been considered in the context of the Kolmogogorov and Nagumo average; its connection
with the Sobolev inequality has been explored in Ref. [38], while several applications in statistical mechanics have been
advanced in Refs. [39–42].

In this work, we explore some fundamental questions concerning the properties of certain thermodynamic variables in
a thermostatistics theory based on the SME. At this level of investigation, the consequences arising from the first principles
must be tested to avoid the origin of possible paradoxes and inconsistencies in the emerging theory. In this respect, we are

∗ Corresponding author. Tel.: +39 0115647344; fax: +39 0115647399.
E-mail addresses: eklenzi@dfi.uem.br (E.K. Lenzi), antonio.scarfone@polito.it (A.M. Scarfone).

0378-4371/$ – see front matter© 2011 Elsevier B.V. All rights reserved.
doi:10.1016/j.physa.2011.12.029

http://dx.doi.org/10.1016/j.physa.2011.12.029
http://www.elsevier.com/locate/physa
http://www.elsevier.com/locate/physa
mailto:eklenzi@dfi.uem.br
mailto:antonio.scarfone@polito.it
http://dx.doi.org/10.1016/j.physa.2011.12.029


2544 E.K. Lenzi, A.M. Scarfone / Physica A 391 (2012) 2543–2555

going to explore the implications arising from the zeroth principle of thermodynamics about the introduction of physical
quantities controlling the thermal and mechanical equilibrium.

In particular, taking into account some criticisms advanced in literature [43,44], we revisit the possible definitions
of temperature and pressure. It is shown that, when the interaction between the particles of the system permits the
factorization of the equilibrium distribution, temperature and pressure must be introduced in a manner that differs from
the case of a weakly interacting system.

Further, we explore the scaling behavior of these quantities. As known, thermodynamical variables can be classified as
extensive or intensive depending on their scaling laws related to the ‘‘size’’ of the system. Sometimes, extensivity, related
to the behavior of certain physical quantities when the system is scaled, is confused with additivity, related to the behavior
of certain physical quantities when several identical systems are merged together. In general, as discussed in Ref. [45],
extensivity does not imply additivity and vice versa, although, in themost simple cases, the extensivity of a physical quantity
canbederived starting from its properties of additivity. This is the case under scrutinywherewe considerλ identical particles
merged together in a single composed system.

By assuming that the parameter q scales according to the law (q′
− 1) = λ (q − 1), we show that both temperature and

pressure obtained in this framework have an intensive-like behavior whilst entropy is an extensive-like quantity.
The layout of the paper is as follows. In Section 2,we summarize the questions related to the definition of temperature and

pressure in the BG theory and their scaling properties. The family of the SME and its equilibrium distribution is introduced in
Section 3, while the definition of temperature and pressure is derived in Section 4. The scaling properties of these quantities
are studied in Section 5 and in Section 6 we detail our results with an explicit example. Final comments are reported in
Section 7. The paper concludes with two technical Appendices.

2. Thermodynamic variables and their scaling laws in the Boltzmann–Gibbs formalism

In its celebrated book [46], Gibbs introduced the canonical distribution as the one whose index of probability, defined by
the logarithm of the distribution, is an affine function of energy, ηi = −1 − γ − β Hi. In this way the distribution takes the
form

pi =
1

Z̃
exp(−β̃ Hi), (2.1)

that can be written equivalently in

pi =
1
Z̄

exp(−β̄ (Hi − U)). (2.2)

Later, Jaynes [47] observed that distribution (2.1) can be obtained by maximizing the BGE under the constrains of the
normalization


i pi = 1 and the mean energy U =


i pi Hi, where i labels the levels physically accessible by the system.

In the BG theory, β̃ and β̄ coincide with the Lagrange multiplier β associated to the energy (β ≡ β̃ ≡ β̄), with

∂S
∂U

= β, (2.3)

the function Z̃ coincides with the partition function of the system and is related to the Lagrange multiplier γ associated to
the normalization according to

γ = ln(Z̃) − 1, (2.4)

whilst the function Z̄ is related to the relevant thermodynamical quantities through the relations

Z̃ = Z̄ exp(−β̄ U), (2.5)

and

Z̄ = exp(S). (2.6)

When the system is composed by different parts, statistically independent

pM1∪M2∪···

i1,i2,...
= pM1

i1
pM2
i2

· · · , (2.7)

where pM1∪M2∪···

i1,i2,...
denotes the probability distribution of the whole system and p

Mj
ij

those of the single parts, the BGE is an
additive quantity

SM1∪M2∪···
= SM1 + SM2 + · · · . (2.8)

Condition (2.7) is satisfied when the parts of the system are not interacting, so that the Hamiltonian decomposes like

H
M1∪M2∪···

i1,i2,...
= H

M1
i1

+ H
M2
i2

+ · · · , (2.9)
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provided that

βM1∪M2∪···
= βMj , ∀j = 1, . . . , λ. (2.10)

In the case of a system composed by λ identical particles

pλM
i1,i2,... =

λ
j=1

pM
iλ , (2.11)

so that each particle is statistically independent and identically distributed, with

βλ M
= βM, Z̃λ M

= (Z̃M)λ, Z̄λ M
= (Z̄M)λ, (2.12)

while internal energy and entropy turn out to be extensive quantities Uλ M
= λUM and Sλ M

= λ SM .
The strictness of the relations (2.12) is related to the scaling properties of temperature and can be studied starting from

the zeroth principle of thermodynamics. In fact, by ideally dividing the system in two parts λ M = λ1 M∪λ2 M ≡ M1∪M2,
with mean energy UM1∪M2 = UM1 + UM2 , volume VM1∪M2 = VM1 + VM2 and entropy SM1∪M2 = SM1 + SM2 , under the
condition of conserved energy and volume, dUM1∪M2 = dVM1∪M2 = 0, we have

dSM1∪M2 =


∂SM1

∂UM1


V

dUM1 +


∂SM2

∂UM2


V

dUM2

=


∂SM1

∂VM1


U

dVM1 +


∂SM2

∂VM2


U

dVM2 = 0, (2.13)

according to the maximum entropy principle stated by dSM1∪M2 = 0. From these equations we write
∂SM1

∂UM1


V

=


∂SM2

∂UM2


V

, (2.14)
∂SM1

∂VM1


U

=


∂SM2

∂VM2


U

, (2.15)

for any M1 and M2, so that it is reasonable to introduce the temperature

T =


∂U
∂S


V

≡
1
β

, (2.16)

as the parameter controlling the thermal equilibrium and the pressure

P =
1
β


∂S
∂V


U

, (2.17)

as the parameter controlling the mechanical equilibrium.
The scaling properties of T and P are derivable from their definitions and from the scaling properties of S, U and V . They

are given by TλM
= TM and PλM

= PM stating their intensive nature.

3. Sharma–Mittal entropy and its equilibrium distribution

Let us introduce the SME according to

Sq,r =
1

1 − q

 W
i=1

p2−r
i

 1−q
r−1

− 1

 , (3.1)

with r < 2 [13,26]. The BGE is recovered in the (q, r) → (1, 1) limit.
Formula (3.1) embodies several one-parameter entropic forms already known in literature. Among them, we recall (see

Table 1): the Landsberg–Vedral entropy for r = 2− q̃ and q = 2− q̃ [33], the escort entropy for r = 2− 1/q [34], the Tsallis
entropy for r = 2 − q [31], the Rényi entropy for r = 2 − q̃ and q = 1 [32] and the Gaussian entropy for r = 1 [13].

According to the maximal entropy principle, the equilibrium distribution can be obtained from the following variational
problem

δ

δpi
(Sq,r − γ ⟨1⟩lin − β ⟨H⟩lin) = 0, (3.2)



2546 E.K. Lenzi, A.M. Scarfone / Physica A 391 (2012) 2543–2555

Table 1
Some one-parameter entropic forms belonging to the Sharma–Mittal family.

Parameters Entropic form Boltzmann factor β̃q,r factor

Landsberg–Vedral (r = 2 − q̃; q = 2 − q̃) SLVq̃ =
1

1−q̃


1 −


i p

q̃
i

−1


exp2−q̃(−β̃LV Hi) β̃LV
= β[q̃ + (q̃ − 1) (β U + q̃ SLVq̃ )]−1

Escort (r = 2 − 1/q) SEq =
1

1−q


i p

1/q
i

−q
− 1


exp2− 1

q
(−β̃E Hi) β̃E

= qβ[1 + (1 − q) (β U + SEq )]
−1

Tsallis (r = 2 − q) STq =
1

1−q


i p

q
i − 1


exp2−q(−β̃T Hi) β̃T

= β[q + (q − 1) (β U − q STq )]
−1

Rényi (r = 2 − q̃; q = 1) SRq̃ =
1

1−q̃ ln


i p
q̃
i exp2−q̃(−β̃R Hi) β̃R

= β[q̃ + (q̃ − 1) β U]
−1

Gaussian (r = 1) SGq =
1

1−q (e
(q−1)


i pi ln pi − 1) exp(−β̃G Hi) β̃G

= β[1 + (1 − q) SGq ]
−1

Boltzmann–Gibbs (r = q = 1) SBG = −


i pi ln pi exp(−β̃BG Hi) β̃BG
= β

where, hereinafter, we employ linear expectation values

⟨x⟩lin =

W
j=1

pj xj, (3.3)

customarily used in the study of the BG theory.
However, Eq. (3.2) requires some considerations about the definition of the expectation values used in the constraints. In

the past, different prescriptions have been introduced to evaluate the mean values of several physical observables in order
to avoid some difficulties arising in the generalized theory [48,49].

Recently, in Ref. [37] it has been noted that, in the framework of the Kolmogorov–Nagumo average prescription

⟨x⟩f = f −1


W
j=1

pj f (xj)


, (3.4)

where f (x) is a strictly monotonic continuous function defined on the realm of xj, the SME can be defined in

Sq,r = ⟨Sq⟩f , (3.5)

with f (x) = ln2−r(expq(x)) and Sq(pi) = lnq(1/pi). Remarkably, Eq. (3.5) shows the SMEas the average of themicrocanonical
entropies Sq(pj) defined on the microstates of the system occurring with probability pj, just like the BGE does with respect
to the Boltzmann entropy SB(pj) = ln(1/pj) in the linear average framework: SBG = ⟨SB⟩lin. Following this observation, in
Ref. [50] it has been suggested that in the SME framework it should be more appropriate to define the expectation values,
corresponding to the constraints in the problem (3.2), according to the Kolmogorov–Nagumo prescription.

Although all this sounds mathematically consistent, in our opinion there is no one physical reason to use generalized
expectation values instead of the standard linear ones, even if nonlinear averages can represent useful tools in data statistical
analysis.

Furthermore, and more importantly, the use of nonlinear averages has raised several questions concerning their
consistence in physics [51]. For instance, in Ref. [52] the nonlinear q-expectation value, widely employed in the formulation
of different versions of generalized statistical mechanics, has been posed in discussion concerning its consistence with the
Lesche stability, a criterion that must be satisfied by any physical quantity representing an observable, although this fact
remains still an open question [53].

The equilibrium distribution obtained from Eq. (3.2) can be written as

pi =
1

Z̃
expr(−β̃ Hi) (3.6)

or equivalently

pi =
1
Z̄

expr(−β̄(Hi − U)), (3.7)

where

expr(x) = [1 + (1 − r) x]1/(1−r)
+ , (3.8)

is the deformed exponential, with [x]+ = x for x ≥ 0 and [x]+ = 0 for x < 0.
The quantities β̃ and Z̃ of Eq. (3.6) are given by

β̃ = β̄


Z̄

Z̃

r−1

≡
β̄

1 − (r − 1) β̄ U
, (3.9)

Z̃ = Z̄ exp2−r(−β̄ U), (3.10)
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and are related to the Lagrange multiplier β by the relation

β =
(2 − r) β̃ Z̃1−q

[1 + (r − 1) β̃ U]
1+ 1−q

1−r

. (3.11)

On the other hand, the quantities β̄ and Z̄ of Eq. (3.7) are defined as

β̄ = β
Z̄q−1

2 − r
, (3.12)

and

Z̄ =


W
i=1

p2−r
i

 1
r−1

≡ expq(Sq,r). (3.13)

Note that, Eqs. (3.10) and (3.13) mimic, respectively, the relations (2.5) and (2.6) of the BG theory and are recovered in the
(q, r) → (1, 1) limit.

Finally, the Lagrange multipliers γ and β are related to Z̄ by

γ + β U =
2 − r
r − 1

Z̄1−q, (3.14)

for r ≠ 1, and by

γ + β U = Z̄1−q (ln Z̄ − 1), (3.15)

for r = 1, that reduces to Eq. (2.4) in the q → 1 limit.
In general, distribution function (3.6), or (3.7), shows an asymptotic power-law behavior with pi ∼ H

1/(1−r)
i for r > 1,

while it has a cut-off in the energy spectrum forHi → 1/(1−r) for r < 1, where probability approaches to zero. Thismakes
the present formalism appropriate in the study of non-Gibbsian distributions, quite often observed in physical systems
governed by long-range interactions. The case with r = 1 is an exception, being characterized by an exponential tail rather
than a power-law asymptote.

As will be clarified in the next sections, Eq. (3.6) results more appropriate for our purposes although expression (3.7) is
sometimes preferred due its explicit invariance under a uniform energy shift, a crucial fact for the consistence of the theory.
However, in spite of its form, it can verified that also Eq. (3.6) possesses the same property of invariance (see Appendix A).

4. Thermal and mechanical equilibrium

As recalled in Section 2, thermal and mechanical equilibrium can be studied by means of the zeroth principle of
thermodynamics [6,7]. Let us consider a typical situationwhere the system is ideally divided in two statistically independent
parts

pM1∪M2 = pM1 pM2 , (4.1)

with mean energy

UM1∪M2 = UM1 + UM2 . (4.2)

This means that the interaction among the parts is ignored with respect to the bulk energy of the system, although a small
interaction is required to achieve equilibrium.

According to Eq. (3.1), the entropy of the system separates in

SM1∪M2
q,r = SM1

q,r + SM2
q,r + (1 − q) SM1

q,r SM2
q,r , (4.3)

and since at equilibrium dSM1∪M2
q,r = 0, under the condition of conserved energy, we obtain for the temperature the

expression

T̄ = [1 + (1 − q) Sq,r ]


∂U
∂Sq,r


V

, (4.4)

as the separation constant between the parts of the system [42].
This method, already explored in literature, has not always been accepted [43,44]. In particular, the critic concerns the

hypothesis of statistical independence of distributions pMi , being incompatible with the hypothesis of additivity of energy
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(4.2)when the distribution has a non-Gibbsian form. In fact, according to expressions (3.6), when theHamiltonian is additive
the distribution separates in

pM1∪M2 = pM1 pM2(1 + δ pM1∪M2), (4.5)

where δ pM1∪M2 takes into account the possible correlations thatmay be present between the parts of the system. Therefore,
Eq. (4.3) holds only if one may ignore the possible correlations in the system.

Clearly, the hypothesis of statistical independence and absence of interactions are, in general, consistent only in the
framework of the BG theory. However, the presence of correlations in Eq. (4.5) seems to indicate one more time that this
formalism is more appropriate to study systems governed by some kind of interaction.

In the following, we consider a case where the two-body interaction is modeled according to

HM1∪M2 = HM1 + HM2 + α HM1HM2 , (4.6)

where α is a constant throughout the system. Consistently, this composition law is commutative HM1∪M2 = HM2∪M1 and
associative H (M1∪M2)∪M3 = HM1∪(M2∪H3).

Without loss of generality, we pose

(r − 1) β̃ = α. (4.7)

This makes the parameter r a function of the mean energy since β̃ depends on U [cfr. Eqs. (3.9)–(3.12)].
As shown in Appendix B, with this assumption the distribution factorizes like in Eq. (4.1). Thus, the mean energy of the

system UM1∪M2 is related to UM1 and UM2 as

UM1∪M2 = UM1 + UM2 + α UM1 UM2 , (4.8)

and, by using Eq. (4.3) that now describes exactly the decomposition of entropy, we obtain

T̃ =
1 + (1 − q) Sq,r

1 + α U


∂U
∂Sq,r


V

, (4.9)

that differs from the previous definition (4.4).
Similar arguments can be applied to the definition of pressure by assuming a volumedependence in the energy spectrum:

P̃ =
T̃

1 + (1 − q) Sq,r


∂ Sq,r
∂V


U

= −
1

1 + α U


∂ U
∂V


S
, (4.10)

where we used the relation
∂U
∂Sq,r


V


∂Sq,r
∂V


U

= −


∂U
∂V


S
. (4.11)

Both Eqs. (4.9) and (4.10) differ from the well known definitions of temperature and pressure obtained in the BG theory.
In particular, for the pressure this is only due to the presence of the interactions and, in the α → 0 limit, the customary
definition is re-obtained [42]. Differently, the expression (4.9) is influencedby the composition lawsof entropy andof energy,
and the standard definition of temperature is recovered only in the (q, r) → (1, 1) limit.

We conclude this section with some observations.
First, let us note the different role assumed by the two parameters q and r: the first controls the composition law of

entropy, while the second controls that of energy.
Second, the assumption (4.7) need some wariness, especially regarding its implication to the Legendre structure of the

theory. In particular, the relation
∂Sq,r
∂U


V

= β, (4.12)

that holds in the case of constant r [42], could not be valid in the present situation because, as already stated, Eq. (4.7) implies
a dependence of r from U [54].

Third, the relation (4.7) establishes also a dependence of the deformation parameter r through the coupling constant of
the interaction. This fact, already observed in other situations [55–57], has been used to investigate many-body systems in
the context of the generalized thermostatistics [58]. In particular, systems governed by an attractive interaction (α < 0) are
described by a parameter r < 1, whilst systems governed by a repulsive interaction (α > 0) are described by a parameter
r > 1.
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Fourth, the factorization (4.1) follows also from Eq. (3.7), if we pose

HM1∪M2 − UM1∪M2 = (HM1 − UM1) + (HM2 − UM2) + α (HM1 − UM1) (HM2 − UM2), (4.13)

with α = (r − 1) β̄ .
Nevertheless, this equation, rewritten in

HM1∪M2 = HM1 + HM2 + α HM1 HM2 − α (HM1 UM2 + HM2 UM1), (4.14)

shows an unpleasant dependence on the mean energy [43]. Furthermore, since the two expressions (3.6) and (3.7) are
equivalent, using (4.6) in Eq. (3.7) one obtains

1
Z̄M1∪M2

[1 − (1 − q) β̄M1∪M2 (H
M1∪M2
ij − UM1∪M2)]

1
1−q

=
1

Z̄M1
[1 − (1 − q) β̄M1(H

M1
i − UM1)]

1
1−q

1
Z̄M2

[1 − (1 − q) β̄M2(H
M2
j − UM2)]

1
1−q , (4.15)

i.e. Eq. (3.7) also factorizes, although, now, all terms have different β̄ with

β̄M1∪M2 = β̄M1 [1 + (1 − q) β̄M2 UM2 ]

= β̄M2 [1 + (1 − q) β̄M1 UM1 ]. (4.16)

This is another reason to use the distribution in the form (3.6) instead of the form (3.7) since, in the present formalism, β̄
cannot be related directly to the temperature of the system as β̃ does.

5. Extensive-like and intensive-like thermodynamical variables

We suppose now the system composed by λ identical particles endowed with the energy levels HM
i , all in their own

thermodynamical equilibrium with the same mean energy UM , temperature T̃M and pressure P̃M . They are characterized
by the same distribution function pM

i . Hereinafter, the parameters q and r are required to be independent.
By assuming that the interactions between the particles are ruled according to Eq. (4.6), the energy levels for the whole

system becomes

HλM
i1,i2,... =

1
α


λ

j=1

(1 + α HM
ij ) − 1


. (5.1)

We fix the value of the parameter r according to α = (r − 1) β̃λM , where β̃λM is evaluated at UλM . In this way, distribution
factorized as pλM

i1,i2,...
=
λ

j=1 p
M
ij

and entropy

SλM
q,r =

1
1 − q




W
i1,i2,...

(pλM
i1,i2,...)

2−r

 1−q
r−1

− 1


=

1
1 − q




W
i=1

(pM
i )2−r

 1−q
r−1 λ

− 1

 , (5.2)

can be rewritten in

SλM
q,r =

1
1 − q

{[1 + (1 − q) SM
q,r ]

λ
− 1}, (5.3)

consistently with Eq. (4.3).
In addition, we require that the parameter q scales according to

(1 − q) λ = 1 − q′, (5.4)

so that, from Eq. (5.2) we can write

SλM
q,r = λ SM

q′,r , (5.5)

that shows the extensive-like behavior of the SME.
Eq. (5.4) relates the parameter q to the number of particles in the system, being q the parameter corresponding to the

whole system and q′ that one corresponding to the single particle. This means that the quantity 1/(1− q) is itself extensive.
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In addition, by taking into account the following property

expq(λ x) = (expq′(x))λ, (5.6)

we can obtain the further scaling relation

Z̄λM
= expq(S

λM
q,r ) = (expq′(SM

q′,r))
λ

≡ (Z̄M)λ, (5.7)

that mimics the last Eq. (2.12) in the BG theory.
We can now verify that both temperature and pressure introduced in Eqs. (4.9) and (4.10) are intensive-like variables.
Firstly, from the relation

UλM
=

1
α

[(1 + α UM)λ − 1]. (5.8)

obtained from Eq. (5.1) we have
∂SλM

q,r

∂UλM


V

= λ


∂SM

q′ ,r

∂UM


V


∂UM

∂UλM


V

=


∂SM

q′,r

∂UM


V

(1 + α UM)1−λ, (5.9)

that can be rewritten as

1
1 + α UλM


∂UλM

∂SλM
q,r


V

=
1

1 + α UM


∂UM

∂SM
q′,r


V

. (5.10)

However, combining Eqs. (5.2) and (5.3), we obtain

1 + (1 − q) SλM
q,r = (1 + (1 − q) SM

q,r)
λ

= 1 + (1 − q′) SλM
q′,r , (5.11)

that, together with Eq. (5.10), gives

T̃λ M
= T̃M, (5.12)

stating the intensive-like properties of temperature.
Similarly, from the relation V λM

= λ VM , we have

∂ UλM

∂V λM
=

1
λ

∂ UλM

∂VM

=
∂ UM

∂VM
(1 + α UM)λ (5.13)

that can be written as

1
1 + α UλM


∂ UλM

∂V λM


S

=
1

1 + α UM


∂ UM

∂VM


S
, (5.14)

and, according to the definition (4.10), we obtain

P̃λM
= P̃M, (5.15)

stating the intensive-like property of pressure.

6. A working example

Let us apply our results to the easy case of a system composed by λ particles endowedwith a continuous energy spectrum
HM

≡ H(x) = x ∈ R+. Passing to the continuum, we pose


i →

g(x) dx, where, without loss of generality, we assume

g(x) = 1 and 1 < r < 3/2 for sake of convergence of all integrations appearing in the computation.
The interactions among the particles of the system is described by the Hamiltonian HλM

≡ H(x1, . . . , xλ), with

H(x1, . . . , xλ) =


i

xi + α

i≠j

xi xj + α2

i≠j≠k

xi xj xk + · · · . (6.1)
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Remark that, whenα ≪ 1,we can consider only theO(α) term and, after a suitable redefinition of the variables, Hamiltonian
(6.1) can be identified with the long-range ferromagnetic model in an external magnetic field [59]. In this situation the case
with two levels easily corresponds to the long-range Ising model introduced in Ref. [60]. Notwithstanding, in the following
we consider the full expression (6.1) that assures the factorization of the distribution.

We begin by exploring the equilibrium properties of a single particle withmean energyUM . Starting from its distribution

pM
≡ p(x) =

1

Z̃M
expr(−β̃M H(x)), (6.2)

with

Z̃M
=


∞

0
expr(−β̃M H(x)) dx, (6.3)

we obtain

Z̃M
= [(2 − r) β̃M

]
−1, (6.4)

while, from the mean energy

UM
=


∞

0
H(x) expr(−β̃M H(x)) dx, (6.5)

we derive the result

β̃M
= [(3 − 2 r)UM

]
−1. (6.6)

Furthermore, the entropy of the single particle becomes

SM
q′,r =

1
1 − q′

[CM(UM)1−q′

− 1], (6.7)

with

CM
= δ(q′

−1) 2−r
1−r , (6.8)

and δ = (2 − r)/(3 − 2 r).
Let us now consider the same quantities for the whole system at equilibrium, with mean energy UλM .
The distribution pλM

≡ p(x1, . . . , xλ) now reads

p(x1, . . . , xλ) =
1

Z̃λM
expr(−β̃λM H(x1, . . . , xλ)),

where

Z̃λM
= [(2 − r)β̃λM

]
−λ, (6.9)

and, by performing the relevant integrations, from the definition of UλM we obtain

β̃λM
=

δλ
− 1

(r − 1)UλM
, (6.10)

while the entropy becomes

SλM
q,r [p] =

1
1 − q

[CλM(UλM)λ(1−q)
− 1], (6.11)

with

CλM
=

δλ
− 1

r − 1


(2 − r)2−r

3 − 2 r

 1
1−r


λ(q−1)

. (6.12)

By requiring that the mean energy of the whole system and that of the single particle are related according to Eq. (5.8), from
Eqs. (6.6) and (6.10) we get the relation

1 +
α

β̃λM

δλ
− 1

r − 1
=


1 +

α

β̃M

1
3 − 2 r

λ

, (6.13)

that is satisfied if

α = (r − 1) β̃M
= (r − 1) β̃λM, (6.14)

as expected.
By using Eq. (6.13) in entropy (6.11) and recalling Eq. (6.7), we easily verify the extensive behavior of entropy stated in

Eq. (5.5). This also implies the corresponding scaling laws of temperature and pressure.
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7. Conclusions

In this work we have investigated the scaling properties of some thermodynamical quantities in a theory based on the
Sharma–Mittal entropy. Our main results can be summarized in the following two points:
(1) We have shown that the definition of temperature and pressure depends on the composition law of entropy and of
energy governing the system. This fact was firstly observed in Refs. [6,7] where it has been shown that, according to the
zeroth principle of thermodynamics, the relation between temperature and entropy could be different from that obtained
in the BG theory. In particular, when the system is described by a nonadditive entropy and an additive energy, the definition
of temperature coincides with the quantity β̄ introduced in Eq. (3.7). A similar situation occurs also when the system is
described by the BGE and by a nonadditive energy, accounting for possible interactions in the system [61].

In our approach, we have studied an interacting particles system described by a nonadditive entropy where the two-
body Hamiltonian is fixed by the factorization of the equilibrium distribution. We have obtained a different definition of
temperature that coincides with the quantity β̃ introduced in Eq. (3.6). In this case, also the definition of pressure is changed
as a consequence of the nonlinear composition of the energy. This fact should be compared with the result reported in
Ref. [42], where, in the same formalism dictated by the SME, it has been shown that in presence of an additive Hamiltonian
the definition of pressure remains identical to that obtained in the orthodox mechanical statistics.
(2) We have discussed the scaling properties of temperature, pressure and entropy. It has been shown that the extensivity
of entropy and the intensivity of temperature and pressure may be preserved, in a generalized form, by requiring that the
parameter q scales according to the law (1 − q) λ = 1 − q′, where λ is the number of particles into the system. This means
that 1/(1 − q) is itself an extensive quantity. In particular, in the thermodynamical limit λ → ∞, the parameter q goes to
1 and the macroscopic system is described by the Rényi entropy (for r ≠ 1) or the BGE (for r = 1).

Similar results, concerning the scaling property of the deformed parameter, have been discussed in the framework of
the Tsallis entropy [62] and the Rényi entropy [63] employing a different approach based on the fundamental equations
of thermodynamics instead of the Jaynes principle. In these works, it has been shown that all the fundamental relations of
thermodynamics are preserved in the generalized theory if the deformed parameter scales according to Eq. (5.4), although
there, the quantity z = 1/(q − 1) has been assumed to represent a new degree of freedom of the theory. This requires the
introduction of a conjugate intensive quantity whose physical interpretation is still lacking.

Appendix A

Let us consider the following constrained entropic form

S(U) ≡ Sq,r − γ (U)

W
i=1

pi − β(U)

W
i=1

Hi pi. (A.1)

Under a uniform shift translation of energy, Hi → H ′

i = Hi + ϵ and U → U ′
= U + ϵ, we obtain

S(U ′) ≡ Sq,r − γ (U ′)

W
i=1

pi − β(U ′)

W
i=1

(Hi + ϵ) pi, (A.2)

that can be rewritten in the form substantially equivalent to Eq. (A.1):

S(U ′) ≡ Sq,r − γ ′(U ′)

W
i=1

pi − β(U ′)

W
i=1

Hi pi, (A.3)

with

γ ′(U ′) = γ (U) + β(U) ϵ. (A.4)

Although the energy is shifted, the constraint on the mean energy is unchanged

W
i=1

(Hi + ϵ) pi = U + ϵ ⇒

W
i=1

Hi pi = U . (A.5)

Consequently, the numerical value of the corresponding Lagrangemultipliers does not change, if the distribution is preserved
in form, i.e.

β(U ′) ≡ β(U), (A.6)

γ (U ′) + β(U ′) ϵ ≡ γ (U). (A.7)

Thus, from Eq. (3.14) we obtain

Z̄(U ′) = Z̄(U), (A.8)
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and Eq. (3.12) implies

β̄(U ′) = β̄(U), (A.9)

according to the invariance of Eq. (3.7) under a uniform energy shift.
Differently, we can rewrite the distribution (3.6) as

pi =
1

Z̃(U ′)
[1 − (1 − r) β̃(U ′) H ′

i ]
1

1−r

=
1

Z̃ ′(U ′)
[1 − (1 − r) β̃ ′(U ′) Hi]

1
1−r , (A.10)

where we used the relation

1 + (1 − q) (x + y) = [1 + (1 − q) x]

1 +

(1 − q) y
1 + (1 − q) x


. (A.11)

Then

β̃ ′(U ′) =
β̃(U ′)

1 − (1 − r) β̃(U ′) ϵ
, (A.12)

Z̃ ′(U ′) = Z̃(U ′) [1 − (1 − r) β̃(U ′) ϵ]
1

r−1 , (A.13)

and, by using Eqs. (3.9) and (3.10), we obtain

β̃ ′(U ′) =
β̄(U)

1 + (1 − r) β̄(U)U

≡ β̃(U), (A.14)

and

Z̃ ′(U ′) = Z̄(U)[1 + (1 − r) β̄(U)U]
1

r−1

≡ Z̃(U), (A.15)

that concludes the proof.

Appendix B

We consider a system formed by λ equal particles at equilibrium. Each particle has mean energy UM and its equilibrium
distribution is given by

pM
i =

1

Z̃M
expr(−β̃M HM

i ), (B.1)

where

Z̃M
=

W
i=1

expr(−β̃M HM
i ), (B.2)

is the corresponding normalization function.
We suppose that the equilibrium distribution of the whole system, at the energy UλM , can be factorized in the product

of the single distributions

1

Z̃λM
expr(−β̃λM HλM

i1,i2,...,iλ) =

λ
j=1

1

Z̃M
expr(−β̃M HM

ij ), (B.3)

where HλM
i1,i2,...,iλ

is related to HM
ij

according to Eq. (5.1).
From the property

expr(x) expr(y) = expr


x + y +

x y
1 − r


, (B.4)
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we can see that Eq. (B.3) holds only if

Z̃λM
=

W
i1...iλ

expr(−β̃λM HλM
i1,...,iλ)

=

W
i1...iλ

λ
j=1

expr(−β̃M HM
ij )

≡ (Z̃M)λ, (B.5)

and
λ

j=1

expr(−β̃M HM
ij ) = expr(−β̃λM HλM

i1,...,iλ), (B.6)

with

(r − 1) β̃λM
= (r − 1) β̃M

= α. (B.7)

Consistence of this equality requires one more condition on the Lagrange multiplier

βλM
= βM (1 + α UM)1−λ. (B.8)

In fact, if Eq. (B.7) holds we can rewrite Eq. (3.9) in

β̃ = β̄ (1 + α U), (B.9)

so that, recalling Eqs. (3.12), (5.7) and (5.8), we obtain

β̃λM
= β̄λM (1 + α UλM)

=
βλM

2 − r
(Z̄λM)q−1 (1 + α UλM)λ

=
βλM

βM

βM

2 − r
(Z̄M)q

′
−1 (1 + α UM)λ

=
βM

βM
β̃M (1 + α UM)λ,

i.e. β̃ is an intensive-like quantity according to the position (B.8).
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