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1. INTRODUCTION

A major step in the representation of diffusion of mobile
charges in liquids and solids was the introduction in 1899 of the
infinite-length Warburg impedance,1 which may be expressed as
Z� R(iωτ)�1/2; whereω is the circular frequency of the applied
voltage, τ is the relaxation time, andR is a characteristic resistance
of the response. It is thus of constant-phase-element (CPE) form
with a fractional exponent, ψ, of 0.5. An extensive summary of
one-dimensional fractional-power-lawCPEbehavior for 0 <ψe 1
appears in ref 2 and mentions pertinent work by Hopkinson and
Wilson dating from 1897.

An anomalous-response generalization of the finite-length
Warburg model (GFW) with the Warburg exponent of 0.5
replaced by 0 < ψ e 1 (but primarily restricted to 1/2 or less)
was derived in 19853 from a distribution of activation energies
treatment, and some of its responses were explored therein. It has
been available in the LEVM complex-least-squares fitting pro-
gram since 1992,4 and it may be expressed in normalized terms as
ZTN � Z/R = tanh(U)/U � QFGW, where U � (iωτ)ψ.

In 2001, Bisquert and Compte5 independently generalized
finite-length Warburg response using fractional derivatives in the
time domain and provided impedance expressions for comple-
tely blocking and nonblocking electrodes, there termed reflecting
and absorbing boundary conditions, respectively. Subsequently,

results were published for ordinary diffusion in thin layers and
included a type of diffusion�recombination.6 But neither this
nor the earlier analysis included satisfaction of Poisson’s equation
and did not refer to earlier work that included arbitrary mobilities
of charges, generation-recombination effects, satisfaction of the
Poisson requirement, and general boundary conditions.7�9

Here we shall be primarily concerned with just Pois-
son�Nernst�Planck (PNP) models that satisfy Poisson’s equa-
tion inmaterial of finite length, full dissociation of mobile charges
of equal mobilities, and completely blocking electrodes. A
normal-diffusion treatment of this and more general situations
appeared in 195310 and its impedance was first discussed in detail
in ref 11; see also refs 7�9. Only recently, however, have finite-
length fractional anomalous diffusion (PNPA) models been
proposed and their responses explored.12,13 The derivations,
physical plausibility, and responses of these models, including
fitting of experimental data, are described in the following
sections. Responses of both the present simplified PNP/PNPA
model and the full one that includes all the possibilities cited in
the paragraph above are included in ref 13 and in the current
version of the LEVM Impedance Spectroscopy fitting model.4
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In section 2 we derive and compare several different equations
for the total and interface impedances of ordinary and anomalous
diffusion situations and discuss three possible response models
expressed in terms of common normalized parameters. The
detailed responses of the significant models A and C are
presented and compared in section 3, while their adequacy in
fitting three different experimental frequency-response data sets
is compared in section 4. Section 5 presents conclusions follow-
ing from the comparisons and fits.

2. COMPARISONS OF EQUATIONS

Here we are interested in fractional-type diffusional response
appropriate for regions of finite length. The finite-length War-
burg expression may be written Z � R tanh(W)/W, with
W � (iωτ)1/2, where τ = L2/D and thus involves the length, L,
between electrodes and the diffusion coefficient, D, of a diff-
using mobile charge. An important parameter is M � L/(2LD),
the number of Debye lengths, LD, in half the electrode separa-
tion, often of the order of 100 or more for typical experimental
situations and materials. Next, set S � (iωτ); U � Sψ;
P � p2 � 1 þ U; q�Mp; and Q � tanh(q)/q; with 0 < ψ e 1.

As discussed and illustrated in ref 8, it is particularly appro-
priate to derive model expressions in terms of a normalized
interface impedance part, ZiN� Zi/R, and the nondiffusive high-
frequency limiting conductance, G¥, and cell capacitance, C¥,
parameters, with R = R¥� 1/G¥. Here “interface” designates all
of the response except that of the high-frequency bulk elements
G¥ and C¥. It thus involves diffusion in the interface regions near
electrodes for large M but involves the entire region between
electrodes for M < 1. The corresponding equivalent circuit for
complete blocking consists of C¥ in parallel with the series
combination of Zi and R¥.

8,11 In this case, the τ present in
S� (iωτ) is just R¥C¥� R¥(A/L)εVε¥, where A is the area of a
plane-parallel electrode, ε¥ is the high-frequency-limiting di-
electric constant, and εV is the permittivity of vacuum. It then
follows that the full and interface normalized impedances are
connected by the relations

ZTN ¼ 1=½Sþ 1=ð1þ ZiNÞ� ð1Þ
and its inverse

ZiN ¼ ½ð1þ SÞZTN � 1�=½1� SZTN� ð2Þ
For reference, it will be useful to list the expressions for ZTN

and ZiN for the normalψ = 1 PNP situation,11,13 model N, before
considering anomalous diffusion ones. Then Uf S, P1� 1þ S,
and the appropriate Q function will be denoted Q1. From eq 1 in
ref 11 transformed to involve the present simplified notation, and
the use of eq 2, one obtains
Model N.

ZTN ¼ ðSþQ1Þ=ðSP1Þ ð3Þ
and

ZiN ¼ P1Q1=½Sð1�Q1Þ� ð4Þ
Surprisingly, for diffusion in thin films with a type of recombina-
tion but without satisfaction of the Poisson equation, Bisquert
obtained for nonblocking electrodes an expression forZTN in just
the form of Q1, with somewhat different parametrization (ref 6,
eq 53). Equation 4 reduces to Q1 only for |S|. 1 and |Q1|, 1.
Although many instances of the possible presence of anom-

alous diffusion, often involving fractional diffusion equations,

have been recognized and some are summarized in refs 5 and
14�17 only in refs 12 and13 have analyses been carried out for
finite-length PNP situations with Poisson-equation satisfaction.
That of ref 12 led to model C and involved solution of the
differential equations of the problem with the replacement of the
usual time derivatives by fractional ones.18 Although fractional
diffusion equations have been used to describe anomalous
diffusion situations,14�17 until the recent derivation of model
C12 they have not been used to generalize the PNP model of
ordinary diffusion where satisfaction of the Poisson equation is
required. Alternatively, the work of ref 13 generalizes eq 4, the
differential equations solution for the interface part of the normal
PNP diffusion response, by changing all frequency response
parameters in it from S to U, resulting in eq A.11 of ref 13 and
eq 5 below, an expression for ZiN, and a part of
Model A.

ZiN ¼ PQ=½Uð1�Q Þ� ð5Þ
and

ZTN ¼ ðU þQ Þ=½UP1 þ ðS�UÞQ � ð6Þ
results that yield those of model N for normal diffusion. The
plausible but empirical rationale for the transformation of eq 4 to
eq 5 is that an interface response function for anomalous
diffusion should involve only fractional frequency response
parameters.
Unfortunately ref 13 unwittingly included an incorrect version

of eq 6 in its eqs A.12 and A.13. It is here designated model B and
is mentioned for correction and also to allow its responses to be
readily compared with those of models A and C. Fortunately, all
model A numerical results in ref 13 used eqs 5 and 1 rather than
eq 8 below and so do not suffer from its incorrectness. Alter-
natively, the direct use of eq 6 yields the same numerical results
for model A.
Model B.

ZiN ¼ P1Q=½Sð1�Q Þ� ð7Þ
and

ZTN ¼ ðSþQ Þ=ðSPÞ ð8Þ
Finally, eq 10 in ref 12 with the present parametrization leads

through eq 2 to
Model C.

ZiN ¼ ½P1Q þ ðU � SÞ�=½Sð1�Q Þ� ð9Þ
and

ZTN ¼ ðU þQ Þ=ðSPÞ ð10Þ
Although eq 10 here is parametrized differently than is eq (10)

of,12 they both represent Model C equivalently, as further
discussed in the following section. Further, in the PNP limit,
all the responses of Models A, B, and C properly reduce to those
of Model N.

3. COMPARISONS OF RESPONSES

Responses of the A and C model equations are of particular
interest for the impedance (Z), admittance (Y), and dielectric (ε)
immittance levels. As discussed in the Appendix, section A.1 of
ref 13 a constant nonzero low-frequency-limiting value of the real
part of the impedance, Z0, can appear even for completely
blocking conditions and is sometimes erroneously identified as
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the DC resistance. Even then, however, no nonzero value of the
real part of the conductance, Y0 � G, appears at the lowest
frequencies measured, but it does so when the limiting con-
ductance is nonzero, indicating partial blocking conditions and
leading to the proper DC resistance of 1/G when G is nonzero.

We shall first explore full responses and then briefly discuss
normalized interface ones. To do so, we use nearly the same
parameter value choices as those in refs 13 and 19, but slightly
changed as in ref 12. Thus, the original concentration of
dissociable elements, N0, is decreased to 4 � 1014 cm�3, and
although the other parameters values remained the same as those
for the actual calculations in ref 12, the value of the assumed
diffusion constant, D, listed therein, was incorrect. In CGS units,
the actual parameter values selected were electrode separation
L = 2.5� 10�3 cm; electrode area, A, 2 cm2; diffusion coefficient
D = 8.2 � 10�7 cm2/s; T = 290.1 K; and a high-frequency-
limiting value of ε¥ = 6.7. From the Einstein relation and the
D value, the mobility value of the positive and negative fully
dissociated charges was 3.28 � 10�5 cm2/(V s). In ref 12 the
fractional exponent is designated γ, while ψ is used for this
quantity in LEVM13 and herein.

The above parameter values were used in the H-circuit of
LEVM to calculate exact Z(ν) PNP values for a wide frequency
range, and these numerical results were then fitted with the
simple ψ = 1 PNP model defined by the NELEM = 9 choice in
the LEVM program. An exact fit resulted in the parameter values
R¥ = 2.973 � 105 Ω, τ = 1.411 � 10�3 s, and M = 116.2. The
resultingC¥ value is 4.746� 10�10 F. In Figures 1�3 we present
PNP/PNPA responses for the A and C circuits with ψ = 1, 0.9,
and 0.7, all with the above other parameter values. There is
necessarily some overlap with corresponding model A PNPA
results presented in ref 13.

Figure 1 shows, as expected, that all the PNP and PNPA
responses involve complete blocking conditions. But especially

significant, however, is themodel C fractional response present at
frequencies above about 1 Hz. For both PNP and PNPA
responses, this is here the domain of the frequency-independent
R¥ and C¥ parameters. It therefore seems unlikely that proper
PNPA response should lead to such behavior in this region, and
the model A results do not do so. This unlikely behavior may be
related to the extension considered for the diffusion equation
which is expected to be useful for a system with anomalous
spreading characterized by one fractional index, as in the situa-
tions worked out in refs 14 and 15. In fact, the fractional diffusion
used to extend the standard PNP model has, in the absence of
drift terms, amean square displacement given by Æ(x� Æxæ)2æ� tψ,
where x denotes the spatial coordinate, by taking free boundary
conditions into account. Situations characterized by different
diffusive regimes where model A may not be appropriate may
require that additional features be incorporated in this simple
extension based on the fractional diffusion equations proposed in
refs 14 and 15.

Comparison of the Figure 1 Z(ν) responses of ref 12 forψ = 1
with the corresponding PNP response of the present Figure 2
shows that they are identical, although the Figure 1 graph is of
linear�log form and Z00(ν), rather than�Z00(ν), is plotted there.
Unfortunately however, theψ = 0.7 Cmodel numerical results of
Figure 1 in12 are quite different from those of the present
Figure 2, and it has been established that the former employed
some incorrect parameter choices for that model. Therefore, the
only appropriate numerical finite-length PNPA results available
so far are those in ref 13 for the A model and the present ones for
A and C models.

The Figure 3 results shown here for PNPA dielectric-level
response again show somewhat unlikely fractional behavior for
the C model above 100 Hz but do, however, eventually lead to
the proper ε¥ high-frequency-limiting value at sufficiently high
frequencies. It is interesting that ref 13 involves an incorrect

Figure 1. log�log Y0(ν) and Y0 0(ν) PNPA responses forψ = 1, 0.9, and
0.7 values. Here for the A model the ψ = 0.7 Y0(ν) and Y0 0(ν) lines
deviatemost from theψ = 1 ones at the low-frequency extreme, while for
the C one these lines deviate most at high frequencies. Here Yn = 1 S, and
here and elsewhere νn = 1 Hz.

Figure 2. log�log Z0(ν) and �Z0 0(ν) PNPA responses for ψ = 1, 0.9,
and 0.7 values. Note the differences in (log�log) slopes for the A and C
models at high frequencies. Here Zn = 1 Ω.

http://pubs.acs.org/action/showImage?doi=10.1021/jp200737z&iName=master.img-001.jpg&w=154&h=230
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ZTN equation but proper numerical results while ref 12 involves
its appropriate ZTN equation but inappropriate numerical results
forψ < 1. It has been found, however, that the scaling factor used
in ref 12 for generating theψ = 0.7 numerical response shown in
its Figure 1 can be amended to produce results equivalent to
those shown here.

Figure 4 depicts the interface normalized YiN complex-plane
responses of the C model for ψ = 1, 0.9, 0.8, 0.7, and 0.6. The
arrows show the directions of increasing frequency. The vertical
line includes the beginning of the PNP ψ = 1 response which
properly approaches the x axis with a slope of 90� in the low-
frequency limit. The large PNPAψ = 0.9 curve shows at the right
a start of an approach toward theψ = 1 line, but it is not untilψ is
of the order of 0.9999 or larger that the line begins to well
approximate the ψ = 1 line.

Note especially the surprising negative values of YiN0 apparent
in Figure 4. They are a consequence of the incomplete separation
of interface fractional diffusion effects and high-frequency-limiting

effects in eq 9 and raise doubt about the appropriateness of this
equation, since when negative resistances appear in real situa-
tions they lead to unstable response. Again, this behavior may
possibly be related to considering only a single anomalous regime
in the derivation of model C, which reinforces the need to
incorporate additional changes to the model C, and, as stressed
before, to try to avoid such unlikely behaviors. In contrast, it is
noteworthy that the model A YiN0 and YiN00 both show power-law
frequency behavior with low-frequency exponents (slopes) of
ψ up to a frequency of about 1000 Hz followed by higher
frequency ones of ψ/2.

The model C results, including the negative values of YiN0(ν)
present in Figure 4, seem physically implausible, and it thus
seems possible that the empirical replacement of ordinary time
derivatives by fractional ones in the equations of motion used in
deriving the C model eq 10 in ref 12 is inappropriate. It might be
interesting to see if the alternate replacement of the spacial
derivatives by fractional ones might lead to more reasonable
results, where the exponent value might be related to the
substrate of the material and possibly to the mechanism of
continuous-time, random-walk (CTRW) behavior. Another
possibility is that the normal Fick’s law is written by assuming
small spatial variation of the mobile-charge concentration. But
close to a limiting surface in the presence of an external field, the
bulk density of ions changes appreciably over a mesoscopic
length region. In this situation, the standard Fick’s law may be
questionable. A possible generalization could be incorporated by
expanding the current density up to cubic terms in the first spatial
derivatives or in the second-order derivative.

4. EXPERIMENTAL DATA FITS

4.1. Background. Despite the apparent implausibility of the
model C results, it is worthwhile to compare how well the A and
C models can fit appropriate experimental data, since the
presence of the same free parameters in both types of fit may
be expected to lead tomaximum agreement. To do so, we use the
LEVM complex nonlinear least-squares (CNLS) fitting program
to fit frequency-response data for three disparate materials:
a hydrogel, a polymer, and one exhibiting “colossal” dielectric
constant behavior. Since the responses of all these materials seem
to involve partial rather than complete blocking, one needs to
extend PNP and PNPA models to accommodate such behavior.
The most appropriate fitting models were found to be the
GPNPA, the PNPA 3Deb, and the PNPA 3RS, ones used with
the A and C versions of the PNPA. The free parameterG denotes
a conductance (G � 1/RP) or conductivity (σP � 1/FP) in
parallel with the full PNPA model;13 Deb is an impedance-level
Debye model (a resistance and capacitance in parallel) in series
with PNPA; and RS here represents a frequency-independent
resistivity, FS, in series with the PNPA. The version of the PNPA
model used here does not include the presence of an adsorbed
intermediate species at the electrodes or of the Chang�Jaffe
electrode boundary conditions.8,13,20

Two different interpretations of these extensions need some
discussion and will be illustrated for the GPNP response function
for fully dissociated charge carriers of equal mobility. Either the
addition ofG introduces a new conduction path entirely separate
from those of the PNPA or G involves the same mobile charge
carriers and thus the same activation energies as those of the
PNPA. Extrapolation to high and low frequencies using appro-
priate GPNPA fit parameters showed for the first case that the

Figure 3. log�log ε0(ν) and ε0 0(ν) PNPA responses forψ = 1, 0.9, and
0.7 values.

Figure 4. YiN0 and YiN0 0 model C complex-plane interface responses for
ψ = 1, 0.9, 0.8, 0.7, and 0.6 values. Arrows show the direction of
increasing frequency.

http://pubs.acs.org/action/showImage?doi=10.1021/jp200737z&iName=master.img-003.jpg&w=162&h=246
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F0(0) plateau value was just FP � 1/σP; the midfrequency
F0 plateau value was F¥; the DC conductivity, σ0(0), was
σP; and the high-frequency conductivity plateau value, σ¥, was
(σP þ F¥�1), all independent of ψ. Also as expected, the
conductivities are in parallel and the equivalent resistivities are
not in series. There is no DC conductivity for the present
completely blocking PNPA model alone, and for small blocking
(high reaction rate at the electrodes), FP becomes small and
eventually dominates the F0(ν) response over the full
measured range.
The situation is different and more usual when G is used to

exactly or approximately represent variable blocking of PNP
charge carriers. In previous work (e.g., refs 8, 11, and 20), electrode
reaction-rate parameters, (Fp,Fn), were introduced for positive
and negative charges. They are based on the Chang�Jaffe
boundary conditions20 and are consistent with the Butler�Vol-
mer equation for unbiased, small-signal conditions. For the
present situation, they are real quantities8,13 and for (0,0) lead
to complete blocking, and for (¥,¥) to no blocking. In the latter
case, Zi = 0 and the impedance involves a maximum two-mobile
resistance, R¥ (resistivity F¥), in parallel with the geometrical
capacitance, Cg � C¥.
A common situation is the (0,¥) one, where the negative

carriers are not blocked. As shown in Figure 1b of ref 11, an exact
equivalent circuit for this situation involves the parallel combina-
tion of the geometrical capacitance and 2R¥ (that for negative
charges only), and that combination in parallel with the series
connection of 2R¥ and Zi, the interface impedance for comple-
tely blocked positive charges. The present GPNP model leads
to just such a response with typical input parameter choices of
R¥ =RP = 2� 104Ω. Themidfrequency plateau value is then just
the proper R¥ value of 10

4Ω, the parallel combination of the two
resistivities, and the low-frequency plateau value is 2 � 104 Ω,
that of RP alone.
When the input RP parameter value is much greater than the

input R¥ value, a partial blocking situation with Fn finite, the
plateau values are then just RP and R¥, as expected from
conservation of charge considerations. Further, as RP continues
to increase, the time constant defining the low-frequency end of
the midfrequency plateau and the beginning of the low-fre-
quency one, given by MCgRp, soon falls below the lowest
measurement frequency and approaches zero in the limit of
large RP.
In refs 8 and 21 detailed expressions are listed for the full

response for PNP situations under (Fp,Fn) and (0,Fn) conditions.
They simplify greatly for fully dissociated one-mobile and two-
mobile situations with equal or unequal mobilities.13 In the one-
mobile case, eqs 24 and 40 of ref 8 show that the GPNP model
without (Fp,Fn) terms is fully consistent with the full PNP
solution for anyM value, and leads to RP = R¥(1þ F2�1), where
F2 � Fn. Further, for arbitrary two-mobile conditions the more
general relation, RP/R¥ = RDN, follows from eq 25 of ref 8.
All fits were carried out with the data in specific form. It is

convenient to define and use statistical measures of goodness of
fit. We thus combine the relative standard deviation of the
residuals of the fit, SF, with the root mean square average of
the relative standard deviations of the free parameters, denoted
PDRMS in LEVM, to form the quantity S/P. Its values will be
expressed in percent. Thus if SF = 0.05 and PDRMS = 0.03, S/P
would involve 5 and 3. In these fits we use proportional
weighting4,13 so that fits at the impedance and complex modulus
level then yield the same value of SF, while those at the

admittance and dielectric-constant levels are the same but
generally different from the other one except in the limit of
fitting a model to exact data derived from it. When the difference
is significant, it is another measure of the inappropriateness of a
model for the data fitted, and we shall therefore list the values of
(S/P)σ and (S/P)F for each A and C fit. Both parts of S/P are
important and are 1 or less for excellent fits, and 10 or more for
poor ones. Note that a single poorly defined parameter will
dominate the PDRMS value even when other well-defined
parameter estimates are present.
4.2. Hydrogel Fits.We begin with an analysis of the frequency

response data for a gel composed of 1% ethylene glycol, 1%
hydroxyethylcellulose, and 98% depurated water, previously
considered in ref 13. The data considered there still contained
some obvious outlying points, most of them now removed in
order to obtain somewhat improved fits. The model A GPNPA
results shown in row 1 of the present Table 1 are still comparable,
however, to those in row 6 of Table 1 of ref 13, and both involve
the data in specific form. Of the several model A fits carried out at
the F level, the GPNPA one of row 1 was somewhat superior to
other choices. For example, the S/P values for PNP, PNPA,
GPNP, and PNPA 3Deb choices were 17/3.5, 6.9/4.0, 9.3/3.3,
and 4.0/7.7, respectively.
Comparison of the models A and C GPNPA fit results are

presented in rows 1 and 2 of Table 1 and in Figure 5. In these
log�log plots there is little or no deviation evident between the
data lines and those of the model A fit, but one notices particular
discrepancies between the data and the model C fit lines,
particularly at low frequencies. This is reflected in the SF good-
ness-of-fit values shown in the table where those for C are more
than twice as large as the A ones. Especially noteworthy is the
model C estimate of ψ of nearly unity (very close to PNP
response). It appears that the CNLS C fit requires such a value of
ψ to ensure good fitting of the high-frequency responses, but this
results in worse fitting of the low-frequency ones, a failing not
present for the A model fits.
It was shown in ref 13 using the LEVM H-circuit fitting

approach that the measured electrode separation, L, when taken
as a free parameter only led to its proper known value when the fit
model involved the two-mobile case of fully dissociated positive
and negative charges of equal mobilities. A fit of the present
purged data with the H circuit yielded the same conclusion
as well as exactly the same A model fit and parameter esti-
mates shown in row 1 of Table 1. The values of the charge con-
centration, N0, and mobility, μ, however were different and are
1.07� 1017 cm�3 and 3.19� 10�3 cm2/(V s), respectively, indicat-
ing less free charge and greater mobility than in the earlier estimates.
4.3. Polymer Electrolyte Fits. Frequency response data sets

for a polymer electrolyte containing polyethylene imine (PEI)
and lithium bis(trifluoromethylsulfyl imide (LiTFSI) were kindly
supplied by Professor G. A. Niklasson.22 They have been
discussed by him and his group in ref 23. Here we consider the
data set with a [N]:[Li] molar ratio of 400:1 at 20 �C and fit it
with different models than those utilized in ref 23. The electrode
separation was 3.1 mm. Note that the σ0(ν) response increases at
high frequencies as shown in Figure 6a, unlike that of model A,
but similar to that of model C in Figure 1a. There is no such rise
for the gel data of Figure 5a, so the present data set provides a
useful opportunity to evaluate how well model C can fit data with
such a high-frequency increase.
Fit comparison results are shown in rows 3�5 in the table and

in Figure 6. We see that although the A model fit is quite good,
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the two C model ones are more dubious. The PDRMS values
listed in row 4 are very large and are indicative of large
uncertainties of the PNP parameters of columns 5 and 6. Further,
although the PNPA 3RS fit of row 5 is appreciably better, it turns
out that this model leads at high frequencies to a nonphysical
continual decrease in ε0(ν) beyond a plateau. The ε¥ value listed
in the last column of this row is the plateau value, appreciably
different from the values in rows 3 and 4, which themselves are

close to those independently estimated in ref 23. Therefore, the
C model results shown in Figure 6 are those for the PNPA 3Deb
fits of rows 3 and 4. We see that although the C model led to
nearly as good fits of σ0(ν) as did model A at high frequencies, its
resultingψ values were exceedingly close to unity; PNP response
and the PNPA part of the response model thus contributed
virtually nothing to the high-frequency rise in σ0(ν).
Further model A fits of this data set were carried out using the

H-circuit in LEVM. They were found to lead to the same SF value

Table 1. Results of ProportionalWeighting CNLS Fits of Complexσ(ν) and G(ν) SpecificData Sets for aHydrogel, a Polymer, and
CaCu3Ti4O12 (CCTO), Using the A and CModels Defined in Section 2 with GPNPA (rows 1, 2, 6, 7), PNPA 3Deb (rows 3, 4), and
PNPA 3RS (row 5) Fitting Functionsa

no.

material and

model (S/P) (S/P)F

F¥
(Ω 3 cm) τ0 (s) M ψ

FP or
[FS] (Ω 3 cm)

FD
(Ω 3 cm) τD (s)

ε¥
from fits

1 HydroGel 4.1 4.2 9.2� 103 9.0 � 10�8 9.7 � 103 0.885 6.2� 104 110.9

A 3.8 3.5

2 C 8.6 8.8 9.9� 103 9.7 � 10�8 2.5 � 104 0.998 4.0� 104 110.4

3.7 2.9

3 polymer A 1.9 1.7 1.9� 105 2.7 � 10�7 8.4 � 104 0.896 7.6� 105 1.2� 10�6 8.45

4.4 4.3

4 C 5.4 4.8 1.5� 105 2.4 � 10�7 2.6 � 105 0.997 7.9� 105 1.1� 10�6 8.27

13 13

5 C 6.5 5.6 9.0� 105 9.7 � 10�7 3.8 � 105 0.999 [5.7� 104] 12.2

6.1 4.6

6 CCTO A 2.0 2.4 1.3 � 103 1.6 � 10�8 508 0.902 4.2� 104 132

1.6 1.9

7 C 16 16 1.2� 103 3.6 � 10�9 5000 F 0.966 4.5� 105 37

3.6 5.6.
aTheDebye parameters are designated FD and τD. Goodness of fit values for S/P are listed for both σ- and F-level fits, but model parameter estimates are
shown here only for the latter. For these specific data sets the parallel conductivity, σP, denoted by G in the model name, is replaced in the table by its
inverse FP. The ε¥ values listed in the rightmost column were calculated from the parameter estimates of the F-level fits. The row 7 anomalous CCTO fit
using the C model necessarily involved a fixed value of M, as discussed in the text.

Figure 5. Comparisons of model A and C fits of room-temperature
hydrogel data atF andσ immittance levels: (a) real parts; (b) imaginary parts.

Figure 6. Comparisons of model A and C fits of 400:1 PEI-LiTFSI 20 �C
polymer data atF andσ immittance levels: (a) real parts; (b) imaginary parts.

http://pubs.acs.org/action/showImage?doi=10.1021/jp200737z&iName=master.img-005.jpg&w=184&h=245
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as that in row 3, column 4 of the table for both charge of one sign
mobile and for both signs equally mobile for full dissociation
conditions. All parameters common to the A model fit of row 3
were also the same. The mobility was reasonably well estimated
to be about 4.87 � 10�4 cm2/(V s) and the ε¥ estimate for the
PNPA part of the fit model was 16.6. The N0 estimates were,
however, 6.90 � 1016 and 3.45 � 1016 cm�3, respectively.
Further, although the M value for the two-mobile situation
agreed with that in row 3, that estimated from the one-mobile
fit was 21/2 larger. It thus appears likely that the two mobile
choice is the more appropriate one for this material, but it should
be understood that the fit model used does not allow discrimina-
tion of more complicated conduction processes with more than
two species of mobile charge.
4.4. CaCu3Ti4O12 Fits. Dr. Peter Lunkenheimer kindly pro-

vided data sets for the frequency response of CaCu3Ti4O12

(CCTO) in single-crystal form with sputtered gold
electrodes,24,25 and here we fit the one at 140 K. This material
is a “colossal” dielectric constant one that exhibits high mobility,
and so we present F and ε plots here rather than F and σ ones.
Because the CCTO data sets were known to contain appreciable
errors above 106 Hz, we limit the present one at that point, but
after fitting we use the fit parameters to extrapolate the fits to
108 Hz.
Results are shown in rows 6 and 7 of Table 1 and in Figure 7.

Unfortunately, when all the GPNPA parameters of the C model
fit were taken free, no valid fit was possible; instead estimates of
the parameters of columns 5�7 were completely uncertain. But
when M was held fixed, an adequate fit became possible. The
results were not very sensitive to the fixed value of M, but that
used in column 7 of the table gave a slightly better fit than did
other much smaller or bigger ones. As shown in Figure 7, even
with the constrained value of the C model M parameter, its
results are again much inferior to those of model A. Also,

although the model A fit of row 6 was quite good and led to an
estimate of ε¥ close to that apparent in Figure, 1 of ref 25, the
extrapolated model C ε¥ estimate was much smaller.
The results of H-circuit LEVM fits of the present data were

particularly interesting and instructive since they provided
separate estimates of further model A parameters. These fits
clearly showed that the data were best represented by equal
charge-valence numbers and very small charge dissociation. With
the bulk concentration of dissociable entities,N0 was held fixed at
its fit value, equal S/P values of 2.39 and 1.39 were obtained for
both one-mobile and two-mobile situations, and all parameter
estimates common to the model A fit of row 6 were the same for
the two-mobile situation, but as expected, the M estimate in the
one-mobile case was 21/2 times larger than that for the two-
mobile estimate.
For both situations, themobilitywas estimated as 62.8 cm2/(V s),

a value so large that one must conclude, as in ref 25, that the
conduction in the material is electronic, not ionic. But unlike the
treatment in ref 25 which suggested Schottky-diode behavior
(see, e.g., ref 26), we here fit the data more precisely with the
PNPA model involving diffuse double layer formation at the
electrodes.
When the mobility ratio parameter, Πm, was set free to vary

with a starting value of unity, the fit led almost exactly to unity,
but when its starting value was of the order of 105, its fit estimate
was about 107, nearly one-mobile response, but very poorly
estimated. Therefore, the one-mobile fit was carried out with
a fixed value of Πm of 1025 or greater. For the two-mobile
case, the N0 and the dissociation ratio, DD � c0/N0,

13 were
3.57 � 1021 cm�3 and 1.052 � 10�8, respectively. For the one-
mobile case, these values were exactly 4 and 0.5 times larger/
smaller, respectively. Here c0 is the common concentration of
the mobile charges in the two-mobile case, and n0 is the con-
centration of the mobile negative charges in the one-mobile
situation. Their values were about 3.755� 1013 cm�3 and 7.51�
1013 cm�3, respectively. Although the fits were unable to yield
different mobilities for the positive and negative charge carriers,
presumably holes and electrons here, they do suggest that the
two-mobile situation is indeed more appropriate for this material
than is the one-mobile one.

5. CONCLUSIONS

Two distinct, physically plausible empirical generalizations of
PNP ordinary diffusion in a cell with plane-parallel electrodes to
anomalous PNPA diffusion have been expressed in simplified
notation for comparison of their full impedance expressions as
well as their interface parts. Some different methods of taking
account of partial blocking of charge carriers at the electrodes
have also been discussed, compared, and used herein for the
fitting of relevant experimental data.

Examination of the differences between the A and C models
and CNLS fitting using them for data sets for three different
materials involving partial blocking of charge carriers showed
that the Amodel was both physically more plausible and led to far
better fits than did the C one, which involved the ab initio
introduction of fractional time derivatives in the basic differential
equations involving charge motion. In addition, we showed that
the A model led to good fits of two experimental data sets with
fully dissociated ionic charges of equal positive and negative
mobilities, and yielded excellent fits of data for a single-crystal,
high-dielectric-constant material with very small dissociation and
electronic conduction.

Figure 7. Comparisons of model A and C fits of 140 K CaCu3Ti4O12

data at F and ε immittance levels: (a) real parts; (b) imaginary parts. The
responses above about 106 Hz are extrapolations using the lower-
frequency fit parameters.
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The apparent nonphysical behavior of the C model involving
fractional time derivatives arises from its failure to satisfy the basic
requirement of dissipative phenomena that, on the transforma-
tion of t to �t, its response must change. Evidently even though
the model C way of introducing fractional behavior is clearly
faulty, other possibilities, including a model that combines
fractional time derivatives with ordinary ones,12 might lead to
physically satisfactory results and might possibly be needed in
some situations to best explain experimental data. Presently,
however, model A has been shown to be both physically plausible
and capable of well fitting diverse anomalous diffusion experi-
mental results.
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