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1. Introduction

The broadness of physical situations related to anomalous diffusion has attracted the
attention of many researchers [1]–[6]. In fact, it is present in several contexts such as
diffusion on fractals [7, 8], relaxation to equilibrium in systems (e.g. polymers chains
and membranes) with long temporal memory [9], tumor development [10], transport of
fluid in porous media [11], flow through porous media [11], stock market fluctuation [12],
behavior of the heartbeat [13], amorphous semiconductors [14] and micelles present in
salt water [15]. In these situations, where anomalous diffusion is present, the second
moment can be either finite [16] or not [16, 17]. If the second moment, 〈r2〉, is finite, it is
generally given by 〈r2〉 ∼ tα, where α < 1 corresponds to a subdiffusion process, α = 1
is the usual diffusion process and α > 1 indicates a superdiffusion process. For these
cases, the diffusion phenomena may be analyzed by equations which employ fractional
time derivatives [2, 9, 18] (∂tρ = Dγ 0D

1−γ
t (∇2ρ)), nonlinear terms such as the porous

media (∂tρ = Dν∇2ρν) or a generalized diffusion equations which consider a spatial-and
time-dependent diffusion coefficient [19] (∂tρ = ∇ · (D(r, t)∇ρ)). These equations have
been successfully used to describe several physical situations. In fact, the fractional time
diffusion equation has been applied to transport phenomena in disordered media [20],
non-Markovian dynamic processes [21], transport of chemicals through membranes [22],
comb-like models, axial transport of granular materials [23] and asymmetric translocation
of DNA molecules [24]. The porous media equation may be found in applications
in percolation of gases through porous media [25], thin saturated regions in porous
media [26], thin liquid films spreading under gravity [27] and a solid-on-solid model
for surface growth [28]. The usual diffusion equation with a spatial time-dependent
diffusion coefficient has been used to investigate turbulent processes (Richardson law [29]
and Kolmogorov law [30]), diffusion on fractals [31], fast electrons in a hot plasma
in the presence of a electric field [32] and hydrologic systems [33]. On the other
hand, anomalous diffusion processes whose second moment is not finite are essentially
characterized by Lévy distributions [17]. This context may be investigated, for example,
by the diffusion equations which present fractional derivatives applied to spatial variable
(∂tρ = Dμ∇μρ) [2, 17] or nonlinear terms (∂tρ = Dμ∇μρν). The solution of these diffusion
equations is given in terms of Lévy distributions or solutions whose asymptotic behavior
is long tailed as a Lévy distribution.
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As observed from the above discussion, anomalous diffusion can be investigated by
different types of equations. Therefore, the study of these diffusion equations represents
an important tool towards a comprehension of the physical phenomena whose diffusion
processes are not the usual ones. In this direction, this paper reports an investigation
of time-dependent solutions of an N -dimensional nonlinear fractional diffusion equation
which interpolates the diffusion equations with nonlinear terms and spatial fractional
derivatives. More precisely, we investigate the following equation:

∂

∂t
ρ(r, t) =

1

rN−1

∂

∂r

{
rN−1

[
D̃(r, t)

∣∣∣∣ ∂μ′

∂rμ′ [ρ(r, t)]δ
∣∣∣∣
n

∂μ

∂rμ
[ρ(r, t)]ν

]}

− 1

rN−1

∂

∂r

[
rN−1F (r, t; ρ)ρ(r, t)

]
− α(t)[ρ(r, t)]μ, (1)

where D̃(r, t) is a spatial-and time-dependent diffusion coefficient, F (r, t; ρ) represents
an external force applied to the system and the last term of the equation is related
to a reaction expression. The fractional operators (∂μ′

r and ∂μ
r ) applied to the spatial

variable are the Riemann–Liouville operators [34]. Equation (1) may be obtained,
from the mathematical point of view, employing the procedure presented in [35] with
suitable changes in order to incorporate the reaction term and the fractional derivatives.
In fact, by incorporating the nonlinear reaction term α(t)[ρ(r, t)]μ as absorbent in
the equation of continuity (∂tρ + ∇ · J = 0) and taking the generalized Darcy law

J (r, t) = −D̃(r, t)|∂μ′
r [ρ(r, t)]δ|n∂μ

r [ρ(r, t)]ν + F (r, t; ρ)ρ(r, t) into account it may be
obtained. Notice that the previous mathematical construction, used to incorporate the
reaction term and the spatial fractional derivatives, did not explicitly deal with the long
jumps which are present in the fractional diffusion equations. This discussion about
the long jump and fractional diffusion equations with reaction terms, which is a hard
task, can be found in [36]–[38]. For this reason, and to incorporate nonlinear aspects,
we restrict our discussion to the above procedure to formulate a nonlinear fractional
diffusion equation which interpolates several situations. The diffusion coefficient analyzed

here is given by D̃(r, t) = D(t)r−θ with an arbitrary time dependence on D(t). The
spatial dependence present in the diffusion coefficient has been employed to investigate
several physical contexts, for example, diffusion on fractals [7, 8], and motivated the
theoretical study of the usual diffusion equation in a broad context. The external force
F (r, t; ρ) considered here depends on the distribution ρ(r, t) of the system and is given by
F (r, t; ρ) = −k(t)r−Krγ [ρ(r, t)]η−1. This external force incorporated in equation (1) leads
us to an extension of some well-known cases such as the Ornstein–Uhlenbeck process,
Rayleigh process [19] and Burgers’ equation [39]. Other particular cases of the above
equation can be found in [40]–[44]. In addition, the potential related to this external force
has, as a particular case, the logarithmic potential used, for instance, to establish the
connection between the fractional diffusion coefficient and the generalized mobility [45].
The presence of the reaction term is particularly interesting in heterogeneous catalytic
processes, disordered systems [46]–[48], species coagulation (A + A → 0 or mA → lA
(m > l)) and irreversible first-order reactions [49]. It also appears when a tracer
undergoing radioactive decay is transported through a porous medium and in the heat
flow involving heat production [50]. For α(t) = 0, it can be verified for equation (1) that∫ ∞
−∞ dr rN−1ρ(r, t) is time-independent (hence, if ρ is normalized at t = 0, it will remain

so for ever).
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The plan of this work is to investigate for several situations the time-dependent
solutions of equation (1). In section 2, we start our analysis by considering equation (1)
subjected to a linear absorbent term, i.e. μ = 1, and external forces. For this
case, we first study the situation characterized by the absence of external forces and
μ′ = μ = 1. Subsequently, we incorporate the nonlinear external force F (r, t; ρ) =
−k(t)r −Krγ[ρ(r, t)]η−1 and discuss the changes produced on solution by the linear term
and the nonlinear term. Following this, we analyze equation (1) by considering a nonlinear
absorbent term, i.e. μ �= 1. After these developments, we discuss the case μ �= 1 and μ′ �= 1
without external forces and absorbent terms. A connection with the Tsallis formalism is
also discussed for these cases. In section 3, we present our conclusions and discussions.

2. Nonlinear fractional diffusion equation

We start our investigation of the time-dependent solutions of the nonlinear fractional
diffusion equation (1) with the case μ = μ′ = μ = 1, i.e., without fractional derivatives
and with a linear reaction term. Afterwards, we analyze the case characterized by a
nonlinear reaction term, i.e. μ �= 1, and the presence of the fractional derivatives in the
diffusive term, i.e. μ′ �= 1, μ �= 1. The solutions are obtained by using the similarity
method, which makes it possible to reduce this partial differential equation to ordinary
differential equations. The form of these ordinary differential equations depend on the
boundary conditions or the restrictions in the form of conservation laws. In this manner,
we restrict our investigation to solutions of the type

ρ(r, t) =

(
1

Φ(t)

)N
ρ̃

(
r

Φ(t)

)
. (2)

The solutions obtained from this procedure satisfy the boundary condition ρ(∞, t) = 0
and the normalization when α(t) = 0. Following this, we consider the distribution which
satisfies equation (1) by accounting for the above conditions on the parameters μ, μ′ and

μ, given by ρ(r, t) = e−
∫ t
0

dt̃α(t̃)ρ(r, t), where ρ(r, t) is a function to be obtained and is
formally given by equation (2). By substituting ρ(r, t) in equation (1) and performing
some calculations, we obtain

∂

∂t
ρ(r, t) =

D(t)

rN−1

∂

∂r

{
rN−1

[
r−θ

∣∣∣∣ ∂

∂r
[ρ(r, t)]δ

∣∣∣∣
n

∂

∂r
[ρ(r, t)]ν

]}
− ∂

∂r
[F (r, t; ρ)ρ(r, t)] (3)

with D(t) = D(t) exp[−(ν + nδ − 1)
∫ t

0
dt̃ α(t̃)]. From equation (3), we analyze the

solutions by considering the following situations: (i) the absence of external forces, (ii) the
presence of a linear external force, i.e. F (r, t) = −k(t)r and (iii) the external force
F (r, t) = −k(t)r −Krγ [ρ(r, t)]η−1 accomplished by D(t) = D = const and α(t) = 0.

For the first situation, i.e. the absence of external force, equation (3) reduces to

∂

∂t
ρ(r, t) =

D(t)

rN−1

∂

∂r

{
rN−1

[
r−θ

∣∣∣∣ ∂

∂r
[ρ(r, t)]δ

∣∣∣∣
n

∂

∂r
[ρ(r, t)]ν

]}
. (4)

This equation may also be formulated in the context of heat diffusion in order to describe
an anomalous process of the spreading of the temperature. In this scenario, equation (4)
is obtained by using the thermal conductivity dependent on the temperature [51]. By
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applying the similarity method to equation (4), i.e. considering that the solution is given
by equation (2), we may reduce the above diffusion equation to two ordinary differential
equations using a constant of separation k, determined by the normalization condition.
After some calculations, we obtain that

d

dz

{
zN−1

[
z−θ

∣∣∣∣ d

dz
[ρ̃(z)]δ

∣∣∣∣
n

d

dz
[ρ̃(z)]ν

]}
= −k

d

dz
[zN ρ̃(z)] (5)

and

[Φ(t)]ξ−2 d

dt
Φ(t) = k D(t) (6)

with ξ = 3 + n + θ + (ν + δn − 1)N and z = r/Φ(t). Solving equation (6), we find that

Φ(t)

Φ(0)
=

[
1 + k′

∫ t

0

dt̃D(t̃)

]1/(ξ−1)

(7)

where k′ = (ξ − 1)k/(Φ(0))ξ−1 and the presence of Φ(0) may be related to a distribution
which has an initial shape. Note also that similar time-dependent behavior has been
found in other nonlinear diffusion equations [40]–[44]. This fact indicates that different
diffusion equations may have similar anomalous spreading for the probability distribution.
An integration on equation (5) yields

z−θ

∣∣∣∣ d

dz
[ρ̃(z)]δ

∣∣∣∣
n

d

dz
[ρ̃(z)]ν = −kzρ̃(z). (8)

To find the solution of equation (8), we use the ansatz: ρ̃(z) = (1−αzλ)β, which satisfies
the boundary condition ρ(∞, t) = 0, with the parameters β, α and λ to be determined.
By substituting the ansatz in equation (8), we obtain

β =
n + 1

ν + δn − 1
; λ =

2 + θ + n

n + 1
; α =

ν + δn − 1

2 + θ + n

(
k

δnν

)1/(n+1)

. (9)

Thus, ρ̃(z) can be written as follows:

ρ̃(z) =

(
1 − ν + δn − 1

2 + θ + n

(
k

δnν

)1/(n+1)

z(2+θ+n)/(n+1)

)(n+1)/(ν+δn−1)

(10)

and from this result ρ(r, t) can be found (see figure 1). At this point, it is interesting to
note that equation (10) may be expressed in terms of the q-exponential function which is
present in the Tsallis formalism [52]. This function is defined as expq[r] = [1+(1−q)r]1/1−q

for 1 + (1 − q)r ≥ 0 and expq[r] = 0 for 1 + (1 − q)r ≤ 0. By choosing q = 2 − (ν + δn),
we can identify the structure present in equation (10) with a q-exponential as follows:

ρ̃(z) = exp1+n
q

[
− 1

2 + θ + n

(
k

δnν

)1/(n+1)

z(2+θ+n)/(n+1)

]
. (11)

doi:10.1088/1742-5468/2009/02/P02048 5
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Figure 1. Behavior of ρ(z) versus z obtained from equation (10). We consider,
for simplicity, D = 1, n = 1/2 and N = 3.

This connection, between equation (10) and the Tsallis formalism, suggests a
thermostatistical context different from the usual one for this equation and indicates
that the solution can have a compact or a long tailed behavior as a Lévy distribution
depending on the values of the parameters ν, n and θ. For the case α(t) = 0, the anomalous
spreading of the distribution can be analyzed by considering the second moment of the
distribution (11) which, for this case, is 〈r2〉 ∝ t2/(ξ−1). This result for the second moment
shows that, for 2/(ξ − 1) < 1, = 1, > 1, we may have a sub-, normal or superdiffusive
behavior depending on the values of the parameters ν, θ, n and N . Another remarkable
feature concerning equation (11) is the asymptotic connection with the Lévy distribution
for large z since ρ(z) ∼ 1/z3+μ with μ = (5 + n + θ − 3q)/(q − 1).

Now, we analyze the changes produced by the external forces in the solution obtained
above. In this direction, we first incorporate a linear external force in our analysis, i.e.
F (r, t) = −k(t)r. A similar external force may be related to the Ornstein–Uhlenbeck
process. Thus, the result found for equation (1), with this external force, extends this
process to a nonlinear case. In this direction, a Langevin equation may be found by using
the procedure developed in [53]. Afterwards, we investigate a situation characterized by
the external force F (r, t) = −k(t)r − Krγ[ρ(r, t)]η−1. By taking this linear external force

doi:10.1088/1742-5468/2009/02/P02048 6
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into account, equation (1) can be written as follows:

∂

∂t
ρ(r, t) =

1

rN−1

∂

∂r

{
rN−1

[
D(t)r−θ

∣∣∣∣ ∂

∂r
[ρ(r, t)]δ

∣∣∣∣
n

∂

∂x
[ρ(r, t)]ν

]}

+
k1(t)

rN−1

∂

∂r
[rNρ(r, t)]. (12)

In order to investigate the solutions which emerge from the above equation, we use
the procedure employed before for the case without external forces. By substituting
equation (2) in equation (12), we obtain

− Φ̇(t)

[Φ(t)]2
d

dz
[zN ρ̃(z)] =

D(t)

[Φ(t)]ξ
d

dz

{
z−θ

∣∣∣∣ d

dz
[ρ̃(z)]δ

∣∣∣∣
n

d

dz
[ρ̃(z)]ν

}
+

k1(t)

Φ(t)

d

dz
[zN ρ̃(z)] (13)

with z = r/Φ(t), as for the previous case. By introducing a constant of separation k,
we may separate the above equation into two equations. One of them depends on the z
variable and another one only involves a temporal variable, as follows:

d

dz

{
zN−1−θ

∣∣∣∣ d

dz
[ρ̃(z)]δ

∣∣∣∣
n

d

dz
[ρ̃(z)]ν

}
= −k

d

dz
[zN ρ̃(z)] (14)

and

[Φ(t)]ξ−2 d

dt
Φ(t) + k1(t)[Φ(t)]ξ−1 = kD(t). (15)

From these equations, one can observe that the presence of a linear external force
in equation (12) only modifies the time-dependent behavior of the distribution.
Equation (14) was solved before, so our focus will be on equation (15). After some
calculations, it can be shown that the solution of equation (15) is given by

Φ(t)

Φ(0)
=

[
1 + k′

∫ t

0

dz̃ D(t̃) exp

(
(ξ − 1)

∫ t̃

0

k1(t
′)dt′

)]1/(ξ−1)

exp

(
−

∫ t

0

k1(t
′)dt′

)
(16)

(see figure 2). This result shows that, depending on the choice of the time dependence of
the external force, one can obtain a second moment that is reduced to a constant when
long times are considered. The importance of this fact is the feasibility of a steady-state
solution, which is not observed for the situation characterized by the absence of external
forces.

Following our analysis, we incorporate the term −Krγ [ρ(r, t)]η−1 in the previous
external force, leading us to F (r, t; ρ) = −k(t)r − Krγ[ρ(r, t)]η−1 and employ D(t) =
D = const with α(t) = 0. Solving the nonlinear diffusion equation with this external force
is a hard task: however, since we are interested in the solution which can be expressed
in terms of scaled functions as equation (2), we restrict the values of the parameters γ
and η to ones that verify the following equation: N η − γ = ξ + N − 2. By taking these
conditions into account for this external force and employing the above procedure, it is
possible to show that equation (1) may be simplified to the following equations:

−k
d

dz
[zN ρ̃(z)] = D d

dz

{
zN−1

[
z−θ

∣∣∣∣ d

dz
[ρ̃(z)]δ

∣∣∣∣
n

d

dz
[ρ̃(z)]ν

]}

+ K d

dz

[
zN−1

(
zγ [ρ̃(z)]η

)]
(17)

doi:10.1088/1742-5468/2009/02/P02048 7

http://dx.doi.org/10.1088/1742-5468/2009/02/P02048


J.S
tat.M

ech.
(2009)

P
02048

Solutions for a fractional nonlinear diffusion equation with external force and absorbent term

Figure 2. This figure shows the behavior of Φ(t) versus t in order to illustrate the
behavior of equation (16). We consider, for simplicity, Φ(0) = 1, D = 1/((ξ−1)k),
ξ = 5 and k = 1.

and

[Φ(t)]ξ−2 d

dz
Φ(t) + k1(t)[Φ(t)]ξ−1 = k. (18)

The solution of equation (18) is given by

Φ(t)

Φ(0)
=

[
1 + k̃

∫ t

0

dt̃ exp

(
(ξ − 1)

∫ t̃

0

dt′ k1(t
′)

)]1/(ξ−1)

exp

(
−

∫ t

0

dt′ k1(t
′)

)
(19)

where k̃ = (ξ − 1)k/(Φ(0))ξ−1. Notice that the result obtained above for equation (18) is
essentially the same as equation (16) obtained for equation (15). This feature implies that
the term −Krγ [ρ(r, t)]η−1 present in the external force only changes the spatial behavior
of the solution and not its spreading when subjected to the above conditions. In order to
obtain the solution of equation (17), we first perform an integration yielding

Dz−θ

∣∣∣∣ d

dz
[ρ̃(z)]δ

∣∣∣∣
n

d

dz
[ρ̃(z)]ν = −(kz + Kzγ [ρ̃(z)]η−1)ρ̃(z). (20)

doi:10.1088/1742-5468/2009/02/P02048 8
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Figure 3. Behavior of ρ(z) versus z obtained from equation (22). We consider,
for simplicity, D = 1, n = 1/2 and N = 3.

The constant of integration was eliminated due to the boundary condition ρ(∞, t) = 0.
The solution of equation (20) is formally given by

ρ̃(z) = exp1+n
q

[
− 1

n + 1

(
k

Dδnν

)1/(n+1) ∫ z

dz

(
z1+θ +

K
k

zγ+θ[ρ̃(z)]η−1

)1/(n+1)
]

. (21)

This solution is implicit and extends the result found in [40, 42]. For the special case
η = 1, equation (21) makes an explicit solution on the variable z, which can be written
as follows:

ρ̃(z) = exp1+n
q

[
− 1

n + 1

(
k

Dδnν

)1/(n+1) ∫ z

dz

(
z1+θ +

K
k

zγ+θ

)1/(n+1)
]

(22)

(see figure 3) and for n = 0 the result found in [16] is formally recovered after performing
the integration.

Let us investigate equation (1) by considering the case μ �= 1, with D(t) = D = const,
α(t) = α = const and, for simplicity, F (r, t) = Krγ[ρ(r, t)]η−1. For this case, equation (1)

doi:10.1088/1742-5468/2009/02/P02048 9
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is given by

∂

∂t
ρ(r, t) =

D
rN−1

∂

∂r

{
rN−1

[
r−θ

∣∣∣∣ ∂

∂r
[ρ(r, t)]δ

∣∣∣∣
n

∂

∂r
[ρ(r, t)]ν

]}

− 1

rN−1

∂

∂r

[
rN−1

(
rγ[ρ(r, t)]η

)]
+ α[ρ(r, t)]μ. (23)

Following the approach employed in [40], we consider that the solution of equation (23)
is given by

ρ(r, t) = φ(t)P(ζ(t)r) (24)

where φ(t) and ζ(t) are time-dependent functions to be found. In this direction, it is
interesting initially to analyze the kinetic equation which emerges from equation (23)
for D = 0, i.e. the equation ∂tρ(t) = −α[ρ(t)]μ. The solution for this kinetic equation
is known and given by ρ(t) ∝ [1 − (1 − μ)αt]1/(1−μ). This result suggests we employ
φ(t) = [1 − (1 − μ)kt]1/(1−μ) which recovers the previous solution for the case D = 0.
To obtain ζ(t), we may substitute the solution proposed for ρ(r, t), equation (24), into
equation (23) with φ(t) given above. These considerations yield

ζ(t) = [1 − (1 − μ)kt](n+ν−μ)((1−μ)(2+n+θ)) (25)

and

−kP(η) −
(

μ − δn − ν

2 + θ + n

)
kη

d

dη
P(η) =

D
ηN−1

d

dη

{
ηN−1

[
η−θ

∣∣∣∣ d

dη
P(η)

∣∣∣∣
n

d

dη
[P(η)]ν

]}

+
d

dη

[
zN−1 (zγ [P(η)]η)

]
− α[P(η)]μ (26)

with η = ζ(t)r and k being a constant. To find a solution for the above equation is a hard
task, leading us to cumbersome calculations. However, it is possible to obtain an implicit
solution for P(η), which can be useful in developing a perturbation technique by using
the procedure of iteration. This solution can be obtained to μ = (2 + δn + θ)/N + n + ν
and is given by

P(η) = expn+1
q

[
− 1

n + 1

(
k

N δnνD

)1/(n+1) ∫ η

dz z(1+θ)(1+n)

(
1 +

K
k
N zγP(z)η−1

+
αN

kzNP(z)

∫ z

dz′z′N−1[P(z′)]μ
)1/(n+1)

]
. (27)

Equation (27) recovers equation (11) for α = 0 after performing a integration on z̃. We
may use equation (27) to obtain the time behavior of the mth moments of even order
related to this distribution for μ, n, ν and θ arbitraries by considering that the integrals
involving the distribution are convergent. They are

〈r2m〉 =

[∫
dr rN−1r2mρ(r, t)

]/ [∫
dr rN−1ρ(r, t)

]

〈r2m〉 = ζ(t)−2m

[∫
dη ηN−1η2mρ(η)

] /[∫
dη ηN−1ρ(η)

]

〈r2m〉 ∝ ζ(t)−2m.

(28)
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By using the above result, we obtain 〈r2〉 ∼ t2(n+ν−μ)/((μ−1)(2+n+θ)), with 2(n + ν −
μ)/(2+n+ θ) less than, equal to and greater than one corresponding to sub-, normal and
superdiffusion, respectively.

Let us address our discussion to the case μ′ �= 1 and μ �= 1. In this manner, we extend
the usual derivative operator, applied to the spatial variable, for the fractional case [34]
in order to incorporate a noninteger index. For this case, we work out equation (1) in the
absence of external forces and without an absorbent term:

∂

∂t
ρ(r, t) =

1

rN−1

∂

∂r

{
rN−1

[
D(t)r−θ

∣∣∣∣ ∂μ′

∂rμ′ [ρ(r, t)]δ
∣∣∣∣
n

∂μ

∂rμ
[ρ(r, t)]ν

]}
(29)

which has as particular cases the situations analyzed in [40]–[44]. In order to obtain the
solution for this equation, we employ the same procedure as above, which is based on
equation (2) and leads us to ordinary differential equations. By substituting equation (2)
in equation (29), and performing some calculations, we obtain

d

dz

{
zN−1

[
z−θ

∣∣∣∣ dμ′

dzμ′ [ρ̃(z)]δ
∣∣∣∣
n

dμ

dzμ
[ρ̃(z)]ν

]}
= k̃

d

dz
[zN ρ̃(z)] (30)

and

[Φ(t)]ξ̃−2 d

dt
Φ(t) = −k̃ D(t) (31)

where ξ̃ = 2 + μ + μ′n + θ + (ν + δn − 1)N , k̃ is a constant and z = r/Φ(t), as before.
Equation (31) has the same form of equation (6), consequently, the same solution. To find
a solution for equation (30) is a hard task due to the presence of the fractional operators
and nonlinearity in the diffusive term. For this reason, following [42], we propose the

ansatz ρ̃(z) = Ñ zα̃(1 + bz)β̃ as a solution, with the parameters α̃ and β̃ to be determined
in terms of the parameters μ, μ′, θ, N , ν and δ present in equation (30). In particular,
after substituting this ansatz in equation (30) and performing some calculations, it is
possible to show that

α̃ =
1 + θ + μ + nμ′

δn + ν − 1

β̃ =
μ + nμ′

δn + ν − 1

Ñ =

[
Γ (αν + 1)

Γ (αν + 1 − μ)

∣∣∣∣ Γ (αδ + 1)

Γ (αδ + 1 − μ′)

∣∣∣∣
n]1/(1−(nδ+ν))

(32)

with ν, δ, μ′ and μ subjected to the constraint δ(μ′ − 1) = ν(μ − 1). Thus, the solution
for equation (30) can be written as

ρ̃(z) = Ñ z(1+θ+μ+nμ′)(δn+ν−1)(1 + bz)(μ+nμ′)/(δn+ν−1) (33)

where b is a constant that should be taken as ±1 according to the situation under analysis.
It is important to stress that a choice for b = −1 implies a limited region for the solution,
while for b = 1 the solution covers the entire space. In this way, depending on the choice
of the parameters μ, θ, ν, μ′, n and δ the solution may present a compact (b = −1) or
long tail behavior (b = 1). We emphasize that the last case can be asymptotically related
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to the Lévy distributions and consequently with the distributions that emerge from the
Tsallis formalism [52] which have a power law behavior. This connection is interesting
enough to motivate a possible thermostatistical context different from the usual one.

3. Discussion and conclusion

In this work, equation (1), which can be used to investigate a broad range of situations,
was analyzed considering several different scenarios, for example, time-dependent diffusion
coefficient, the presence of external forces and reaction terms. For each case, analytical
explicit or implicit solutions were obtained. These solutions obtained were expressed in
terms of the q-exponential and q-logarithmic functions presents in the Tsallis formalism
which suggests a different thermostatistical context for this equation. They may exhibit
a short or long tail behavior depending on the choice of the parameters μ, μ′, θ, δ, n, ν
present in equation (1) where for long tail behavior a connection to Lévy distributions
could be established, representing a superdiffusive process. Towards this direction, the
analysis of the second moment represents an important tool, and the choice of the values of
the parameters may lead to the model of a subdiffusive, normal or superdiffusive process.
Finally, we hope that the results presented here can be useful to analyze situations related
to anomalous diffusion.
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