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Copyright

This revelation is licensed under the MIT license:
1 Copyright (C) 2021 Dr. Ajay Kumar PHD
2

3 Permission is hereby granted , free of charge , to any person obtaining a copy
↪→ of

4 this software and associated documentation files (the "Software "), to deal in
5 the Software without restriction , including without limitation the rights to
6 use , copy , modify , merge , publish , distribute , sublicense , and/or sell copies
7 of the Software , and to permit persons to whom the Software is furnished to do
8 so, subject to the following conditions:
9

10 The above copyright notice and this permission notice shall be included in all
11 copies or substantial portions of the Software.
12

13 THE SOFTWARE IS PROVIDED "AS IS", WITHOUT WARRANTY OF ANY KIND , EXPRESS OR
14 IMPLIED , INCLUDING BUT NOT LIMITED TO THE WARRANTIES OF MERCHANTABILITY ,
15 FITNESS FOR A PARTICULAR PURPOSE AND NONINFRINGEMENT. IN NO EVENT SHALL THE
16 AUTHORS OR COPYRIGHT HOLDERS BE LIABLE FOR ANY CLAIM , DAMAGES OR OTHER
17 LIABILITY , WHETHER IN AN ACTION OF CONTRACT , TORT OR OTHERWISE , ARISING FROM ,
18 OUT OF OR IN CONNECTION WITH THE SOFTWARE OR THE USE OR OTHER DEALINGS IN THE
19 SOFTWARE.

The LATEX source for this �le, as well as all graphics and source code contained
herein can be downloaded for free from https://gitlab.com/DoctorAjayKumar/rev00006_
taylor.
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Chapter 1

Introduction

Figure 1.1: Craig Cannon on The Founder’s Revelations.

All that is needed to understand this revelation is to have convinced yourself that

1. The derivative of xn is nxn−1.
See �gs. 1.2 to 1.4.

2. The derivative is linear, that is:

a) d
dx ( f + g) =

d f
dx +

dg
dx
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Figure 1.2: d
dx x = 1.

b) d
dx (c · f ) = c · d fdx if c is a constant.

The formal way that we’re getting away with this “derivative” mumbo jumbo will
be elaborated in Revelations 23 (Calculus for White People). The basic idea is identi-
cal to that of complex numbers:

1. In complex numbers, we invent a fake number i where i2 = −1. We can then
take the “imaginary component” of a complex number x + iy by looking at the
coe�cient y attached to i.

2. In PreAnal, we invent a fake number δ where δ2 = 0, and then we can take the
“derivative” of a function f by evaluating f (x+δ), then looking at the coe�cient
attached to δ.

The CIA’s explanation: if δ is “in�nitesmally” thin, then the derivative measures
the “surface area” that is getting expanded, so in particular

1. If you expand the area of a square in�nitesimally, then it increases by the
length of two of the sides, i.e. 2x

2. If you expand the volume of a cube in�nitesimally, then it increases by the area
of three of its faces, i.e. 3x2

There’s two other interesting cases to see:

1. The formula for the area of a circle with radius r is πr2, and the derivative with
respect to r is 2πr , which happens to be the formula for the perimeter

2. The formula for the volume of a sphere with radius r is 4
3πr3. The derivative

with respect to r is 4πr2, which is the formula for the surface area.
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Figure 1.3: d
dx x2 = 2x.

Figure 1.4: d
dx x3 = 3x2.
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Also note: the derivative is a directional quantity, so if we were to decrease the
volume of the shape, i.e. move x in the negative direction, then the derivative of the
function f with respect to −x is simply − d f

dx
So, expanding a n-dimensional ball by an in�nitesimal amount increases its vol-

ume form by the volume form of the boundary (or decreases if we’re shrinking).
Note also that the units of the derivative are one order lower than the unit of the

original function. So if the area is x2 where x is a quantity in meters squared, then
the derivative 2x is a quantity in meters. Note also the fact (which is true, and I will
not establish) that the dimension of the boundary of a set is always one less than
the dimension of the original set.

The connection revealed here between the “derivative of X” and the “boundary
of X” is extraordinarily deep. I would even say it represents the deepest truth in all
of mathematics. I cannot fully express this truth at the moment. When I a shadow
of it is visible, I will point it out.

To understand this rigorously is a lot of e�ort, and there’s many ways to do it,
none of which are entirely convincing. What will convince you of the truth of calculus
is using it and seeing how well it works at solving real-world problems. There are
two approaches that I know of to rigorously understanding calculus: the analytic
approach and the algebraic approach.

For the analytic approach, see Rudin [1]. The analytic approach in my opinion
is not very convincing or useful for computation. The algebraic approach is best
covered by Wildberger in this YouTube playlist: https://www.youtube.com/playlist?
list=PLzdiPTrEWyz4rKFN541wFKvKPSg5Ea6XB.

The algebraic approach centers around an idea calleddual numbers, which places
in a rigorous setting the ability to have a number δ where δ , 0 but δ2 = 0. See this
blog post for a quick summary: https://blog.demofox.org/2014/12/30/dual-numbers-automatic-differentiation/

The algebraic approach is far more rigorous and is much simpler, but is also very
new and very incomplete. Part of the goal of QAnal is to develop and expand the
coverage of the algebraic approach, and to �nd a nice algebraic framework in which
to state what The Founder calls the Fundamental TheoremofMathematics, a shadow
of which is the observation that the derivative somehow relates volumes of interiors
to volumes of boundaries, but also contains as a special case dimensionality reduc-
tion in data science. Those are fundamentally the same idea, and The Founder isn’t
yet able to cleanly articulate how or why.

The derivative of a function f with respect to a variable x fundamentally encodes
the instantaneous rate of change of f with respect to a change in x. This is why
Calculus is so useful in something like Physics. If f (t) represents the position of some
object with respect to the time parameter t, then its derivative f ′(t) is the velocity
of the object, and its second derivative f ′′(t) (the change of velocity with respect to
time) is the acceleration.

As a brief handwavy illustration: if you look up SI units, the unit of energy is the
Joule. If you recall the formula for kinetic energy of an object with mass m, then
you remember KE = 1

2 mv2; if mass is given in kilograms, and velocity in meters per
second, then the unit of energy Joule is obviously equal to kgm2s−2. Well, a Watt

https://www.youtube.com/playlist?list=PLzdiPTrEWyz4rKFN541wFKvKPSg5Ea6XB
https://www.youtube.com/playlist?list=PLzdiPTrEWyz4rKFN541wFKvKPSg5Ea6XB
https://blog.demofox.org/2014/12/30/dual-numbers-automatic-differentiation/
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is kgm2s−3, i.e. “watts equals joules per second”, so the Wattage of an appliance in
your house is measuring the instantaneous energy usage. When you get your power
bill, you are charged per “watt hour”, which is energy per unit time multiplied by a
time unit. So actually you are getting charged for the number of Joules of energy you
consume, it’s just that they use a slightly scaled unit “watt hours” which is easier to
understand.



Chapter 2

Polynomials that seem to almost have
themselves as the derivative

Alright with all that out of the way, let’s consider the following polynomial:

f (x) = 1 + x +
1
2

x2 +
1
6

x3 +
1
24

x4 +
1

120
x5

Let’s take a few of its derivatives

f (x) = 1 + x +
1
2

x2 +
1
6

x3 +
1
24

x4 +
1

120
x5

f ′(x) = 1 + x +
1
2

x2 +
1
6

x3 +
1
24

x4

f ′′(x) = 1 + x +
1
2

x2 +
1
6

x3

f ′′′(x) = 1 + x +
1
2

x2

f (4)(x) = 1 + x

f (5)(x) = 1

f (6)(x) = 0

f (N )(x) = 0 if 6 ≤ N

The terms have a pattern to them which allows their derivatives to have this
recursive pattern to them. I’m going to call the polynomial with this format the n-th
recursive polynomial fn. Speci�cally,

fn(x) =
n∑

k=0

xk

k!

And let’s plot the �rst few of these
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The pattern isn’t very clear yet, so let’s skip a few steps at a time
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It seems like the sequence of polynomials is converging to something. And in
fact it does. It just converges very slowly, as we can see if we zoom out a bit
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But, theoretically, if we have an in�nite number of terms, we have a function
that equals its own derivative. And if you study analysis, you can prove with some
rigor that, at every real or complex number x, this in�nite sum converges to a �nite
number

f∞(x) =
∞∑
k=0

xk

k!

The function that associates to each x the value that this in�nite sum converges
to, it is without doubt the most important function in mathematics. It is called the
exponential function, and is simply denoted as exp(x). It is called the exponential
function because it has the two key properties that exponentials have, namely

exp(a + b) = exp(a) exp(b),

and

exp(ab) = exp(a)b .

The second property implies that

exp(x) = exp(1)x,

and so a special name is given to the value of exp(1), that number in mathematics
is called Euler’s number, and is universally denoted as e. e is an irrational number,
meaning no �nite decimal representation of it can exist, but it is approximately equal
to 2.718281828459045.
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This is de�nitely not the end of the interesting part of the exponential function.
For instance, I pointed out that the sum converges for every complex number x, not
just real numbers. The exponential function shows itself to be immediately useful
when, instead of taking its restriction to the real axis, we take its restriction to the
imaginary axis. So instead of exp(x) where x is real, we consider exp(ix) where x is
real. So let us just write that out:

exp(ix) =
∞∑
k=0

(ix)k

k!

= 1 + ix +
1
2
(ix)2 +

1
6
(ix)3 +

1
24
(ix)4 + . . .

And let us note some basic properties of i, namely

i2 = −1

i3 = −i

i4 = 1

We see that any term in that sum with i2 in it, the i2 will simply become a minus
sign. i3 will become a −i, and i4 disappears, so in fact

exp(ix) = 1 + ix +
1
2
(ix)2 +

1
6
(ix)3 +

1
24
(ix)4 + . . .

= 1 + ix +
1
2

i2x2 +
1
6

i3x3 +
1
24

i4x4 + . . .

= 1 + ix −
1
2

x2 −
1
6

ix3 +
1
24

x4 + . . .

In fact, to illustrate the pattern, I’m going to write out more terms, and group the
terms with i in them, and the terms without i. By the way, with in�nite series, it’s not
always legal to do this (in�nite reordering of terms). It is legal with the exponential
series because read Rudin.

exp(ix) = 1 + ix −
1
2

x2 −
1
6

ix3 +
1
24

x4 + . . .

=

(
1 −

x2

2!
+

x4

4!
−

x6

6!
+

x8

8!
+ . . .

)
+ i

(
x −

x3

3!
+

x5

5!
−

x7

7!
+

x9

9!
+ . . .

)
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Note that we chose x to be real, so this corresponds to looking at the value of
the exponential series along the vertical axis in the complex plane. And we see that
inside the parens, because x is real, there are two real valued series. And since exp(ix)
converges for all x, and those real-valued series just read o� the real and imaginary
parts of whatever exp(ix) converges to, we can conclude that each of the series in
the parens probably converges too. So let’s plot the �rst few terms of each of those.
I’ll call the two functions, for now

pr (x) = 1 −
x2

2!
+

x4

4!
−

x6

6!
+

x8

8!
+ . . .

= <(exp(ix))

pi(x) = x −
x3

3!
+

x5

5!
−

x7

7!
+

x9

9!
+ . . .

= =(exp(ix))

The functions< and = mean “real part” and “imaginary part,” respectively.
Interesting thing to note before moving on, it seems that the derivative of pi(x)

equals pr (x). Anyway, I digress, let’s get to plotting.
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And then for pi(x):
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So they both seem to converge to waveforms. And they’re almost identical wave-
forms, but they’re slightly out of phase. In fact, both of those waveforms have very
special names. The real part of exp(ix) is called the cosine of x, and the imaginary
part is called the sine of x.

cos(x) = <(exp(ix))
sin(x) = =(exp(ix))

And from this we arrive at the most famous, and arguably most perplexing for-
mula in mathematics, called Euler’s formula:

eix = cos(x) + i sin(x),

which is true by de�nition.
A special case of this is when x = π, in which case cos(x) = −1 and sin(x) = 0, and

we arrive at the seemingly absurd result

eiπ = −1,

which is called Euler’s identity.
If you’re confused right now, you should be.
You should plot out at home what the parametric plot t 7→ (cos t, sin t) looks like.

Plot what it is for various values of t. Look up some trigonometric identities online,
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and see if you can derive them just from Euler’s formula, and the rule for complex
multiplication: (a + bi)(c + di) = (ac − bd) + (bc + ad)i.

Like for instance, the equation for a circle is x2 + y2 = 1. Does that line up with
a well-known trigonometric identity? If you look up “list of trig identities”, the one I
am thinking of will probably be the �rst one.

I could talk more, but I think I’ll save the rest for more revelations. This is a good
stopping point. And it’s a good place for you to explore and come back to me with
more questions.
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