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Copyright

This revelation is licensed under the MIT license:
1 Copyright (C) 2020--2021, Dr. Ajay Kumar PHD
2

3 Permission is hereby granted , free of charge , to any person obtaining a copy
↪→ of

4 this software and associated documentation files (the "Software "), to deal in
5 the Software without restriction , including without limitation the rights to
6 use , copy , modify , merge , publish , distribute , sublicense , and/or sell copies
7 of the Software , and to permit persons to whom the Software is furnished to do
8 so, subject to the following conditions:
9

10 The above copyright notice and this permission notice shall be included in all
11 copies or substantial portions of the Software.
12

13 THE SOFTWARE IS PROVIDED "AS IS", WITHOUT WARRANTY OF ANY KIND , EXPRESS OR
14 IMPLIED , INCLUDING BUT NOT LIMITED TO THE WARRANTIES OF MERCHANTABILITY ,
15 FITNESS FOR A PARTICULAR PURPOSE AND NONINFRINGEMENT. IN NO EVENT SHALL THE
16 AUTHORS OR COPYRIGHT HOLDERS BE LIABLE FOR ANY CLAIM , DAMAGES OR OTHER
17 LIABILITY , WHETHER IN AN ACTION OF CONTRACT , TORT OR OTHERWISE , ARISING FROM ,
18 OUT OF OR IN CONNECTION WITH THE SOFTWARE OR THE USE OR OTHER DEALINGS IN THE
19 SOFTWARE.

The LATEX source for this �le, as well as all graphics and source code contained
herein can be downloaded for free from https://gitlab.com/DoctorAjayKumar/rev00002_
division.
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Chapter 1

Why and how does long division work?

Figure 1.1: Craig Cannon on The Founder’s Revelations.

The short answer is that to compute a decimal representation of the fraction a/b,
you multiply a by 10 as many times as you want decimal places, then do integer
division. Start with the observation that 77/10 = 7.7, but 770/10 = 77. So you just
multiply the top of the fraction by 10, then do integer division to get the decimal
points.

But there’s some annoying subtlety, and some corner cases.
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1.1 Setup, and getting some annoying corner cases out of the way

First of all, I’m talking about ratios of integers here. So for instance, to compute
a decimal representation of 3/4

5/6 , use the standard rules of algebra to change that
fraction into 3

4 ·
6
5 =

18
20 , and then compute the representation of 18/20.

Alright, so sticking to integers. We have two integers, let’s call them a and b.
There’s a handful of corner cases we can eliminate right away:

1. Fractions are not allowed to have 0 in the denominator, so b , 0

2. If b is negative, that is b < 0, then we’ll happliy compute −
(
a
−b

)
3. Therefore we’ll assume 0 < b with no loss of generality

4. If b = 1 then a/b = a, and we can go home.

5. Therefore we can even assume 1 < b with no loss of generality.

Alright, similarly, let’s establish no loss of generality in assuming 0 < a:

1. If a is 0, then a/b = 0

2. If a is negative (a < 0), then a/b = −
(
−a
b

)
3. So with no loss of generality, assume 0 < a.

Thus with no loss of generality, we can reduce ourselves to considering only ratios
of positive integers a

b , where 2 ≤ b.
Now we can split into three cases

1. If a = b, then a/b = 1, and we can go home

2. The bottom of the fraction is bigger, so a < b

3. The top of the fraction is bigger, so b < a

The exact same logic applies to both of the last two cases. We’ll see that the case
where the top of the fraction is bigger immediately reduces to the case where the
bottom is bigger. But it’s easier to illustrate if we assume the top of the fraction is
bigger. So we’ll consider 77/10, and then circle back to talk about 10/77.
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1.2 Long division when the top of the fraction is bigger than the
bottom

In this case, let’s write the equation

a = qb + r

q is called the quotient, and r is called the remainder. In Erlang, Q = A div B and
R = A rem B.

There’s a couple of di�erent ways to compute q and r , but I’ll de�ne them as

1. q is the biggest positive integer such that qb < a

2. r = a − qb

Equivalently, −q is the biggest negative integer such that a−qb < a. So for instance

76 = 7 × 10 + 6

So for a = 76, b = 10, then q = 7 and b = 6. Let’s just divide both sides of that
equation by 10, so

76
10
= 7 +

6
10

So clearly in order to compute this, we’re going to have to �gure out what to do
when the bottom of the fraction is bigger than the top.

But, we have a digit, so 76/10 = 7.something.

1.3 Long division when the bottom of the fraction is bigger than the
top

Alright so this concerns things like 6/10 and also 10/77. Let’s start with 10/77 and
circle back to 6/10

So let’s just try writing our qb + r thing again

10 = 0 · 77 + 10

Brilliant. Let’s make an observation: 10
77 =

1
10

(
10·10

77

)
. We know that multiplying by

1/10 shifts the decimal point one place to the left, and multiplying by 10 shifts the
decimal point one place to the right. So as long as we keep track of shifts, and make
sure we unshift all the shifts we make, we never have to leave the comfortable realm
of integers

100 = 1 · 77 + 23
100
77
= 1 +

23
77
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10
77
= 0.1 +

23
770

So the �rst bit of 10/77 is 0.1. Alright, so let’s compute the �rst digit in 23/770:

10
77
= 0.1 +

23
770

23
770
=

1
100

(
2300
770

)
23
770
=

1
100

(
230
77

)
230 = 2 · 77 + 76
230
77
= 2 +

76
77

23
77
= 0.2 +

76
770

23
770
= 0.02 +

76
770

10
77
= 0.1 +

23
770

10
77
= 0.1 + (0.02 +

76
770
)

10
77
= 0.12 +

76
770

It’s really clear how you carry on fromhere. You just do one of those computations
every time you want a new digit.
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